Easimll_y rom Soburai (2>
o Hl vl bext Space.

ﬂz’-”mf space IS o (‘ovnf[px vector Space in .e,,ffnite dimensions.

0 onpe:tg of ket vectors.
Two kets can be added: Jots+1B>= 2>
Muf*iply ld> with complex number ¢. the result is Onother ket: clus=14>c
Null ket Oldd= Jols => 1> is o null pet

’ EYQ vectors Ond fl)pir properties.
*Bra spoce is oucd to ket space.
oy 2L, <y

12180 2SS ta) + <py

Celd>s a1p> 2Es X cat) + Cat <

* Inner Produft: C Postulcte two fundamentat propertieg):
Pl <ple>= <ol]R)E
P a0
o FfDPPVtiPS 07[ DPerators.
- Operators qre equad: ¥ ld>edl i XiaszY|a> = X=Y
< null operator: Vldsed : Xids=o
: C""'Mtoffv:‘fy anol asspociativity: X+ V= VX
Xtth 2= x+(¥+2)
o O perator Always #Acts on Bra ][rm the Reghe sede: (<x))X= ¢)x
o Conjugate Opemtw X125 ¢qxt CD.C. Means Duad cosespudenced [XY)= vt x?
- Hemition O perator: x=xt
+ Associative in  multiplication: Xt 2z)= (XT)Z
o A ssociative Axiom 1% £ 4E

P.mlm;‘mﬁ lega-( mu-ftiplicatl‘on Among kets., bras, oferator: are agSocigtive
* One Result fmm this Pos : [ 1ot5<8) )Jr = )8y <A
,,,,,,.f: as<p]vs> e, cBlr A <ot] = ¢7| {IP)(«(I)

o Another Result from this Pos: X)) 2S5 @

Bl Y1y = ¢d|xt]8)? XKy BS )X
Proo{l ,
N = @l [0 =[fexthvs] = caipties®
i)t X is a heym<tian operator. then (o|X]B)= (1‘3/)(/0()))lt
v T,.irc, res‘ul_t from 't“‘n's Fos: (P}de):(d””P)* ,T(lg//XTﬁ"(): \’O‘IX?F)V\'/X’)*-’X




ST iB F Obsenable:
- An Observable cicts on kets from lefe: F-(142)= Ay
* HRIZ 89 ftiw| F(observable> — AR R Hermitian 8 [ X=X).
. Et'gen velues of o hermitzan operator A ocre veat. the e<gen kets of A
corres pondling ¢o different cigenwlues are Orl")o’mo-(.
prof
Alp sz orlay = <a'lplay=(at)as a’
@A =a"* ¢a'] = (a'lAla?=(a"asa"”
lo’- o'¥) (a%la’y= o
a":é{}',; eo'=0 % ca s covepl number ).
{&',ta’é @"la>:o0
¢ Tt is conventional to normalise |2’} so that ha'>} form an Oréhonormal
0o’z Sarg et
* Postulates: Observable A has  complete ezgenkets.
Means - Ay = )0; Calady = (o= <ald)
l _/
-
= Z <ali) foy =[5 10> cal) 14

&

3 lay<al=T1 (‘ompleteness relat ton .

‘ /V]Ottrix RemeSentation N
X = azi%& laf-><at-l)( |a;)<a;]
armnge . mpotrix:
Qi X|Gz)
L) T

Yow Colum

[ (0 X10y ¢, )XlGyy -
Xz | <0x100)

’ Gooc’ result | bg using this notation:
Cas| x| 05) = as)Xtla<)* ¢ pssociative axiom ik -F B -
Xtz <05l x100%  ( weary of matrind
Grovdd vesult 2 blj Matyix Rep*esmtation:
<azi[1] Qs )= g& o) x| ar <) Y1050  (Some yith matrix pr oduct>
o Good result3 bg thes:
XY= 15> 2 (od<|wr=Fc= Lotz |X]ol) =z <otz | X]t55¢uty |

Conscder ¢ 1ol> .:’/gz:,{(’{))/ i t}n‘s is Q si}np[e Maoctrix Product Problem.



Measwement- Uncevtaz‘n-tj relation.

- Bef""" the measur ement vf ObS'PrUOLlé A +he state would be :
lly= £ Cpla?) = £ lad<a’ls)

W))en measurement is perfarmeo/, the system is thrown into ohe of the ezﬁenstatex,
Jo) Mea sure ment [a')

Probabebety for @ = 0’|
— Expecta‘tion value of A

(A>Z («|Ald)
= I & (olarxaclhles catl=

(N

ra | <a’lets)®

- Uncerfa-‘ntj Relation :
shz A - <A
([2A)Y = { (A= 2ACAY + <A D)= A — <A
CIAPY (AR 2 + )< c,q,fZJ)[2
Froof: Schwartz fo/entitj.' {e]d) (P,ﬂ)ﬂ(o(lﬁ)lz
{(d)m*(ﬁl)[ [) + »1P>) 300 2z - BBy <) t ~eley "TFP!» B

4
(A8 e <alR) {BIA>
LAldy + XD <BIBY + 2% < Bldy + 2<¢AIR) 20 = {d]d) ¢ W—ﬁ%ﬁ—j—@lm- e Bld) - Tapy @B 20

&K|AI<BlE> 2 <185

T
(el jcuie )t jeled)”

AA'*: (A - <A>)7L: /’(t (ﬁ)’* A - (AT 4A [exFectation value o][ hermitian
|ty = A > operator is veal)
|8)= sBl>
( |y = < (A = dBA))

BB = < (8BY)
( P> = af 2B1> =< 2ReB> }<a()p)[‘:)( A 58 )]

BlAy= 4] aB aAI> =z <CaBaA
LBR?Y LB 5 [ ah 0B

Noticed:

ARB =+LoAsBIT{aA 2B} ;s [4A.0B]= [A.B] {+A 48=(A-n)
/_ 1— (B'(B})
[A.8))T=-[A.B] (onti - hermition) + B-<B>)
t - o CA-<A>)

[1A5}) ] {A.B] ‘him”'&”)'” _VA.Bf - 2B<A>

AAAB) = =< [4A. AB1) + = ,aF ~0A<B>
( A ) L‘]T <’-);-A74 “ (\_\ \U/ +9<A>< B

imaginory reol <Vah2BiS= ¢ {A.Bb>

2 2 2 , . — o <APD
| (44 5B5) = 4 [¢rsA.aB)| ¢ r,L)daf\,Aw)/ ¢ KBR)YCtap) D (re>ou)

U 2
CCanPI< (B> 2E < T AL B



Tvansfb'matl'on opéerator and 'tmns‘farr-ation matvix.
P Theorem: Gi ven tw sets o/LaSe kets, both satiS‘fgiﬂj O'thonorma!z‘ty an ol

Comfleteness, there exist an unitgory operatoy (J such that:
v

IL‘”) = U,aru) ’L(-;>:U’a(a)> . ’b(m>: Ulatu»)
Unitarg means: UTy=yvut=I.
- = b ck = t - ,a/k)>,b(b}
proof: U= 5 167> <a™| J Ut = % <
vut=1x

o Matrx efements o_-)[ tranSformation OpPerator:
k Oy ks _ )
(0( ’,Ulal )= < ¢ H)(a): Uk 1t is mmstructive +to S‘fuc/j matrix yefvesentaﬁon
of operator U in the ofo {;a'>§ hasis.

° The Coef]r"m’ent in new basis;
< b[h,ld>: § (L“),&M’)<Q"’/o{> - §<a('”, Ufla(¢)> <a('("’d>

tnews = UV cotol>
° Re{o tionsln'p between metrix edements between otd aod new!
APIXIMEy = 2 £ hPla™s¢at™) X 105 cat™ b
= & F<a®ytfa"™ camina™s @] vlacs
X = utxu

2
m
P
n

o yse old basis to YepreSent new basi,
| ¥ = via™y = £ laca®Vias = 5 (2™ Ugs
wedicrent= (gif) For b3
o trace redation:;
tr{Xxr)=¢tv(Tk)
tr(0XU) = ¢rex)
trf 109 <a’l)= Speqe

-tr(lb’><a'l): w’lb’y



Continuous Spectrum case.
© Ana(ogue with . ez 9genvolue eguation:
FITY = 713
(F)5"> = §IT'=F*) «— La]|@)=ba g
[d5 155 ¢r1=1 — £ |os<a=T
1= [d5" |73 ¢T 1oy =g o ol
CBlar= [drdPITYC(TIr — <oldr= & <BlO™S @'
g5 = vsl-§) e— QAR > =Sy o
o Position measurement!
Ynowing that o measurement in  guantum mechanics s essen tially a fi'fterl'ns precess!
Considey etgenkets |X'> of the position operotor & .
Kl1xs = ola>
For arbitrary  state ket Jot>:
o> = ff: olx" | oy (Xl
Congider o measurement . A realistic measurement cdicks when a particte s located
within some nawow range ( %'~ 8/2. X' 14/2> X't a2
)Ay = /.*2: dy' | o> ¢ X' S Bl Uiy f‘X"’A/z o | X°3¢x* ) ot )
T he Frobal,z'-h’-tj for detectoy to ofzck <s given by
K ot |* ol
Normal< zation:
(x|l | > f.’dx%xlx’wz')oo:l'
Tts Tn nonredativistic guantum mechonies that the position
eigenkets | x'> arve Complete.
las = [P x |5><R]od

|¥)zIxy, ) => We must have : L *.%31z0

Transdation: consider o infimte{g tfanS'][t;rmatron olone by : & (%)
é [d¥) 15> = |X 4 dr >

-c'f ket lol> is normadized to unity, the tvansf{ated ket j(o’?'))o‘)
afso be normadised to un it y:

<dld>a («1$/J£~)Tf/4?> Joy =T
f{};')f¢/i)(:):ﬂ' Cthe transdation s un;‘tavg)

Fiy Fid) = E I + dx)

P tix) = (%)
L, 4(dn)=T



c 1f we toke the infinitesimot transfation opera tor to be :
T lx)= | - <K* d* k-
TId#) To)=( |+ RHo%) (|- 1kde) 2 T
TId)Tldx) = ( |~< F-)( |- <k o) 2 T i+ dx)
0 Ex-ttemeueg funelam entgd redation betueen K ond ¥
R Tloe) | x> = K)o +dx'> = (x'+d > )X 4 fxp
Tlax) K 1 X2 = X Tldx)x's= & | X'+ dX'y
[X, ’T‘{ab(')] IX'Y = ol ) X+ d%X >0 da' (%'
LR, Fiaxn] = dx’ BIIELE: [9?1 JT1dxn ] = dxs
—< AKX 1 2 o B Iy
[9?1' . ):jjz“-ieg-ij

° /\Aofnenfum as 99neratpr 0{ infihitesima.l. tron clation:
Tige)z= I -<P-dR/%
/\ ~
L%, r:'J]: -z“kS-eO-

o Trvansfation in ol-z'fjferenft cdzyection commutes leaols to  (ommutgtion in F
T (ax €x) = Lzm //- TR - oxp (- F Pax)

N2> 400

reguive that:
T(ay py)—/AX'Px)"T/AX'Px)T/A'j,(-’y)
Cl)- 2y, () - < Bax 3]0
S A IC R IO o A S B

°© IF> is an e<9enket of T(ox): =
[dx'))r>_(.—’='———¢-)ir>—"[z-,———f—aln



Wave :runOtlon in  position anol momentum Space.

o for a ctate ket >

10y = [ %> (R
The € xpOnsSion Ooejl\foclé’nf <X'let) s é’xplameo( that

|<'X10(>) 0/9( is the Probab-z»(cff/ ﬁr the Fartuo[e to be founol

tn 0 novrow interval dX arouno X’
Denote:
<Xty = g1
Then :
Blay = [o7x <BIY x> = [d2n sty shefe)
<Bl Aoy = [ feI?X" < | Apa s exles
=[x fdfn st LA e x)
We know, the matrix element ¢ox|Al%X> o in general, is a function of two
vaviables X' and X"
I{ the observable A is a functfon of position operator X.
{ Bl JC’"’,"() = ,/Z“ oA”X" *‘/’() ”{lfm A" %" — % is an operator hes
:ffd’X'o/ZX” \hg XD §C% s —oxms 1w g (%7
= fd?%""r,s*/*) Foxry il x)
> Momentum opetator in the Position basis: (one dimensional problem)
(- <L) jar = Jax Tlax) 15> <oxlets
= Jdxr x4 x> ¢ xles

= fo”(' | X' S<X—Ax' >
= Jax ix'>/<><’ld> - Axu};—u'ioo)
Com patrsion of bo ch sioleg:
f))o() :./\d?(' | %> /—-1"’1'";,‘, <°<'],(>)

KPS = — k<Xl
r<x')f’lk*>: - <h 5 &X'~ x*)
().248.7 [ Sahuvai)?
From this we get o veyy importont volentity:

PPl = g CBIX'S (x) Pt
= fax 1‘,3 [X) = 2% 557 (X4')

AISD:

(')‘If’/d)——[-?‘)\')b 2 {Xld)
B Py = [oa et Ix) (- ik o A

*Momentun — Space Wave funct'on= The base eigenkets in P-basis sotisfy:
PLPY = PP
KPPy = S(p- P by (P> = <Pl
lly = Jdr|p> <ploly ﬁﬂgl”em fdf‘ (o()r'xf')ou:fdf'l¢arr9)2«‘/



o Relation between X- ye presentation anol P-representation.

(XPIPS = — = & =% <X |P) ( momeéntum operator in the position
v el bosisd cx-% F1a).

(R = Nexp (< 55)

T his Says the wave fuction of a momentum e<genstate is @ plane wave.

(XA = [dp ¢qrl prack! XD = §X-X") 0 en
S Jar e (255 ) [Ji et = amar )
= ax #INSIX'-x*)

(] P’y == exp[ 2D

1

hie) = 4xloly = [ P x| pr Serley = QL* Jop - exp £ >t cpry

=X
WPV TPy = [ar ¢ plxsexlds = o= [dx exp( - 5D 'fu/x")

24F354% 19 22/ L eneralise to three demengion):

VY <7X |
(’X,P }:TZ—;‘_—);/‘GXP/—_{_"’_'> .,‘l



2.3 HO!"mOn;C os“c‘n'“ator
H = 5’?:—+~2’-me><“ w= [-E
Defme two  non-FHermitian Operator:
0= i) - ats BFox- )

Commutation relgtion :
Cao.atl= |
DE‘J[‘""P number opera tor:
N: O‘[a‘ /w}n‘ck 'S ))Prmi't‘)'aﬂ)
§’cmi9hf to show that:
N= =f /7(‘-{';];;’3) + 553 Dxepl = _-k’:uj,— - L
Important relation  between npumber operator and Hermitian opeatoy +
H= % wl v+
N con be ol-z‘agono.lizeo/ simultoneous with H.
Suppose ? NIh>= nn>
HlInd>= (n+£3]a>

Moticeol 2

[Mad=tota.0l=a7a. 07 + Tat.a0=-a

CNat1= +at
Natmy = tnvogtin,
Nalnsz-ain>
amlataln> = alnlns =n = aln>=J5 [n-u

{h,aa"'}rw :.-(n}afd f':QJGTJ)N: <l ntilny= gtim =)as, Jn+ed

v Fosi—tivitj 07[ norm of Q> leads 1o nzo !
o ¢Fol

(nlatalns = ncnlns =n 20 2 nee ¢ 3 0 has o be mtegral ! (¥R 0 TR <ntegral , aloiy= B -0y )
< by vecursion : 1 = -J—,—’-Q’flw Y R F,—'-T- foht fos

72 Matrix elements:
alams= w$aa, <) atins = Jon - Sny o,
) < I (avat)
P=<Jak (g 10t
§ = 5
afxin> = Jzme /fn—5n’,),_, + Int1 Sniner)

/—ﬁgn’,n-: + Jne Swninei)

N
3
v 3
|é”s

{n[Pln> =
Vuse operoter me th od 1) obtain ener et enfuncﬂons ’'a position spgce !
F 9y €9 P P

9Y0unal Space ?
a ]n) =0

x'|6lo> = —l'"/_,r"i (’T’)(W+-c'-,;,%;))b>—"l)

ol-c'f][eren tZol eyustion 74v gymo{ stete:

—

Iz

II)

(% + ¥2g%) ¢='| 2> =0 >,



S‘D[.ut ion

NOYmo,! 0'2@0[
!
<xo>=  ThE.CEXpl- 2 rEY)

excited ¢ tates
7 v , 2
s o oAty = = (% - wiges) < sle s

)L/X’— 7{:—0724 )l < X' o>

Kl2) = 7—;—,’0('//01/‘/")—‘ sz'_ _/F""
2 oA

/ )

,‘. — . ' 4 ——
< / ns= 7rI/’J.J_2n.n, / X,,"”)'/X ‘“7{°d>y'
expectation values of x2. P* fﬂf g”"”d states !

exp/- +e3Ly)

v Iastructive to look a+
x'= 2;‘;) /a‘+ ot*+ 06+ a at)

<olx*or = B £x>= O
<"/fz/t): +:w Lp> =»

<o)L pes 2 o 4wz <ol Hes

ol Emutrh s 2 hw = ] HIo

o] pls = calntor = 52k

(Di[ép)l)a) e s - j,:_w-) </Ax)t></.1,,)a>:_$‘>/ _‘{!__ /<E x. PJ)/)_

urcerto Iln‘ty Proc/u:t:c 7[“ excitecd Statec

The
<[¢X)‘><(ér)‘>: (n ¢t +)" k=

1Y



(3 uon tum Dynanmics

o Time evolution operator:

(. to.t> (JCtto)] o 2.5 where 1ol 1, t3)ce, = 1, T0)
lot featue: I1f +the state ket is init ially normolized to unity, it must remain
normolized to unity at oll later times.

(o, to]d.tes= ] = b tloltotpz] = YlretsUltiter)

D st feature: Composition property

Detots) = Qetatid Uets o ted

3 ot featuwe: Aim Ultordt, to=T

° fssert 7“([( these featwe Qre satisfreo) bg:
Ultorat, ) =) - < SL dt:
at= oL C hermition operator>

o Assume Homiltonion operator js the generator of time — Evolution opero tor:
. _H
Ultorat,t) = T — Ll

o Qckvb'olz’nﬁer equation:
U ct +ddt.tod= Ultrot.t> Uttto> = (1I- i-—.’:—!‘o('é)(/(-exf,)
Uttrdt tey - U (¢, €= —<iG=dt Ultto
st s Ut tey= HUct. o> = =t=U's — U'H
gct]vodingey eguotion jfor state ket:
ik ox [d.te )z H ot t>

o (ose It Haomiltonion operatoyr is ino(epeno’entof tim e
Uct.tod = exp [- % ~?—-H(t't" )
(Case 2: H s dependent on t., but H at different +times commute.
Uct.t.>= exp [— l-ir)/}f It H‘f'/)
Cose 3: Dyson series
+o , o pt t /‘fn-lo[
Utttr= |+ & [T )ﬂ,df'ﬁ ot [y dtn Hety - Flotas

0 S‘tationmg state % &
Base kets are e:’genkets 03[ A cuch that:
LA HI=O
Eigen kets 07[74 ore olso etgen )eets‘a/ H
Hl&'>= Eolar)
expli—-t)= & 2 la*s<o"] exp(- T ) |oy @)= £ lases/- et )|



Then if:
It tozo> = ot = Jay= Cpllry Cor = <& o)
Car(tr= Co(teod> exp(- < 52 ¢)
> For state ld.trz0>=1Q7
(By= <a)ext|i—¥t) B exp -iEeeyiay = <a’|Blay
Which is stationol state! ( ex pecation Volue cloes not change f,,r
> For S uperposition vf energy e gen kets e S\tafionory Staote
|l tozo> = & Ca 1O
(B) = Wtot] B)od. tezo-t>
= a,zg,Ca'* exp <E2 f) ol Bla"s Gy exp(- Z‘_Eg ¢)

= 2. (lBla" . ¥ Qu - explF(Bar-Far>v)

Bohr freguency Condition:
— Ear
wala,l: L_E%‘LL



Heisen berg P<cture (18
f\,_/\———\/\/’

° I ntroduce the time evplution oPeeror (ELI:F 5 %)
Uct)= e FHe
Rl EARAEAL:
|d > = %Cn'-e:ﬁ“rHt' In.o>
_ e—-%-Hf%Cn

In.o>
= x> | n.o>
° Heisen berg Pecture 67134
Uy B -f4E 44
Utu=1 ytry'= Ueo
U™t R - fatia;:81t84
U'te> = Ue->
o Utmaiidd — A& stz n - 1Rk
Utter a5 = Ut-¢> 1dtr= Ut-wULts | 4052 W.0>
o METEN-EiL P, 2 AL FA BT AN Z A £
|d. o>
o NFFEN N5
A= Uc-o A U = UloAU
o fi3% 3434 8- 1BEE T 71{% Hetsenbery 1£F
]0(>H= Uc-+) |4 t55 =N Lot = a0
ATz Ui-o AUt -6 = Ut AU
o Heisenberg egquotion of motion: .
%(A%— ’ /W/a A{)lﬂ Zr‘( th HtA e
- ? [H. U/t)AUH')J
= F1H.A"]
( S pictuyre W equation of motion A B H4Z
H picture # eguationof mottonZ operator A9 A#E.

)

%ﬁt)

H
*m

—— + />y

oHElSBnbe)’g picture P eguatwn o]( motion O]( Q&/g H
| A
L
m

«ad\X:ﬂEX/H?v =3 L ,-1%+\//x>] Ttxm;’ﬂ

A

Ef}uatwn Oj( motion ][or P
,,(dt Pz L P, T+ Vi ]= 11; L F Vim] = = 5 V)

B AA0P AN E?uatwn of mot<on 3 1L § FL:
’j*"*:nrv— - 552 Vix)

o
M5 <X = =<y Vo>




HezSenbeyg Pictwe (FT) (777 sakurasd

o A pproach
v ld> = Iy

20 A — Uiy

ot — () — 7 -LE=> 0

US‘Mg QFFYDac)q D :

& Q8x0m PL@ :

lol> — oo
> [ |4 f- dx )’:x'
= X+ (F)Lpeor.x]
~ T dX
(xy — ¢x} + dx’ ( Both aryyoach leaol o some resul+ o][' expec tation WIVP%[ D
i In 0“
- 9
> = lolts t=te ),; in variant oF A>D LA>L=<A>s

A - (/(f.te)"L A ) et 4>

e He'senberg guat:on uf motion!
(K>
oA _ 'aU AIS)U U,f}g

o t

= -5 UtHUUMA® U + =5 UTASQ Ut HU

cH>

=3 LA U HUT

H=(0*HU. <fUeo=exp(- =

o Free particles . Ehren)fesf's Theovem .
These two relation is useful:
( LX:. Fepyl= —z-h—.o,t
[ P, Grxoolz-eh 22
I° to o Free Po:r'tic(e of mass m:
H= = (l’x+1’5#f3

d-

Do) = X (o> Lt

Noticed:

LAt . nz0])= [4o2t, diror]= — 2o

Unce)tointj rel otion:
ttz
( /AX-;).(:> (/Axr. / l-“;,a.
2 odd o Fotentia( to ][re@ particle :

H = ;E:‘ t Vix)

( -i[[’*' ——_L.—*L [~ ce, H]—- o = i ¢ey=F,
Xl b f e, 1 oy Fr ;éé;—}-um.— "

»42& VAU

Hiayl

( LXsce )= =2 3



P+ cts ~ . ol _ | 3 - - ! . l — 2—‘—/-/
.oLdt/——_ o (P, H] cTE [P V( ) ) 2 =% (-2 t)zlx Vhen) =7 X [xat) 42 UT-A'U
. N eyl
e s e [Dxsco kel=ah
o Yeew ol Pegw - Z,\/_{
O('t 2 = _';1_ O/'t - m 7’x )(:'7‘({)

Ta,v'ng expectation values: ( Ekyenfest theorem D
m -G <x5 = ~{ Ve



Interoction picture (#BE{ER S8 (12)

H = Ho + H.
Uritr= o FHet & HosxZ
£ 02 %
>L |65 = Uor=+) | &, £5°
Az Ut UL

E%uat'don ()jL mo tion:
i#%[obL HL/O( >L

’atd?7ArL: = LA“ Ho ]

o\

Tnteraction 148 . Fm
HamiltoniansH = Ho + Ha
U. rerld-at) = ldtotr = &t t>'s U s ldte
Uo¢-t) satis fies
-'c"hgb?/u,;(‘t)): Hoe Uocty = —= 7;;%/ 77;@): I Ho
7) %F
A= UM Uscer =A™ = <A TAT [0 T = st Aot >
NEZBIA 918 it
%[AI): %IUJ(*’>A'U0({—) ¥ Ulces Awar [(Uscty) = —qj? UDTH,,UD U"TA'UDT—_EL{'UDTAUVU:—HVUD

= 2% CUMUs. UTH-0.0= 2 T AT HT]
T EFME 03 mE (L <

5F ol te AT = 5%[ FREEETIED' )

= =25 UTHe lottet> + 2 Ul [Hor Hz) Jaszee
= 2 UfHz jdtet)

- S UHL U U7 e )

= S HI ot




S chrod.‘nger woave eguation.

o Time dependlent wave eguation. | All in Schrodinger Picture.
Wores (X d 1)
H = "il:n:‘ 1+ Vx>
O VXS = Vi §%0x - %%
how Wt 222 (I H ot (used fact that position e<xgenbras
in schvodinger Pic do not change with ti)

o’ ’%[o(,tﬂﬁ:" (%)VJ(X'IN'TU*) & used ¢1.252)> sa kuraz

-i'k;%‘ (x’ ]ot,’t,;-t) =- (-as'f,l:,i DU ¢x oty + Vexd><x| Koteit)

thg Pty = - ,2#; vt + Vrxy X', ¢)

—”ne Qu()n-tum mechanics based on wave eguoation is know Q83 wave mechamos"

° Timeg - inclePenolent Wave €gquation.

Focus on <the Pwtia[ dij[][PYentiol eguction s‘a-tis‘fieol bj energy e<gen f«ncf:un;
$howed before that +the Stationory Stote IS evolute by exp(-* —l:.—“t)
Then:
(X0t ty= x| ayexp (—<Ealy)
Insert this <o 90)1‘{50/7}»*)96( equation.
~«2E5) VLX) + Yierixiay = By (X la
The time-<nolependent wave eguotion of E would be:
—~ B vt ug o)+ Ve Usxy = Eug g
Some boundory condition should be impoged:
1f we seek solution with: E <bimsVm
Bounday (mdtion Up(xy— o0 as [x]>t®
Interpretation of wave Function.
use ¥ fo %' because the position operator would not o ppear.
Cﬂ'\S‘io(er S\C‘h réd"mf)er g uation:

( ik g Tren s =R vthxn t Vi e

’i'k'vl-t"f'*/"*’lf S T T TP, S
SHTY) = T [sh ot - 2 Aot )
= -k [port oy Lol| £
= -2 ve /ot ) <Bloty = ¢ o BO*
zaf f0 =0 The recdity of potential V.

)=~ 3;% /‘“‘7*&’ Yvtt) = ;,’::'Jm [+¥ut) Chermiticity of V) played impstont role.
7%

(P = <o(,t,,t]f]ot,to,wzj(v('ro,tlx’wx'H’Iam.d){\: fd’X’ {lto 2| Pl XS<X | oLitort)
\ , ’ «
= )" e (-5 V) Fix, )= fd;X /—'i‘kv \7") ‘f‘

= — <} frx 4oy L fox o



e = —— (rt)fc)?)(' ﬂ\k*vﬁ' + totF)
Pe o Fhfrei-wtorapvrty = [P

let us write:
Yix.ty = Jm ex,>/-z'¥>
vtot = P lF)+ (F)IP VS

in this case: 3 - pPvS

m



———— The simple

Elementorg solution to schrodinger wave fun(‘t:‘on

—_— Free !’article n thyee dn’mens»‘on
F ree Particle megns Viw=0

S\Clwb'dr.‘wger time —fﬂo{ePeno/en"t wave fumction.'

E
U UE (x) = = 252 UEm

Def?ﬂe velto y T<‘

Bl'- koo e by = 2mE o 2T

Writin g UE (%)= Usixo Uy ly) Uzi2)
ﬂrr-’ver
dv
[Mxol)(‘-ka f/'us :I ,‘])‘l’/u! dz;f"!) O
- - _"5!
ug o =Ce F
# F}’lj normoliZation\:
Us/x+ L) = Uk (%) px:—?——'nr k’j- 27 )z.—.gftahz
= /
,"’fd’f/dj](‘ji VE*/X)UE/X):)'?)CII (\: ___PL/z
Ve, = -T_s/T et F x©

E =5b ==& £ (neng +0
To coleulate odlensity of State . imagine o spherical shell in k space.
Mz b Bz [ERp axs ph b

The numbey of stotes /N  with in Shell 45 In'dh;
i
==

2
- t n) - 4% ”'"M'L
2Rt Fm A0l tainf-din =

_.ml L fwmE
L’ﬁ" 1'-1 - rod ?l 2.?7"
m/: g2 L
S
J_;_ e Do

-~ —
Hormonic oscillator:

WC’ gol've ‘the time _[ndependent fUYl(‘tiOﬂ fl?l’ V/X): ‘3{‘/’7 w”Xz
Differential Eguatiow

- ‘L 2y UE/X) + 2mw NUgtx) =

EUE/’(/
m*w? 2meE
- J—‘,,x, Ve + -}‘-‘*,X Ve = = UE
*
d* N 2E
- g Ue + JUg = = UE
Denote this eq uotion 0S:
. nE
dg Ueyr+ (E-Y) Uy, =p

5-’ top. the solution must teno to zero

Wi - 4wty o /

Wig)a exp (= <5 >0 we hove 1o choose the mins sign
Then we *

remove " the asymtotic

behavior of the wave function
Ury) = hry) e 97

’,,Td'_h - 247 dy t(E-Dhey)=o0



A pprooch i1 a notmlizable solution is only possible when Series terminates.
One Forces the termination by imposing  €-1=2n (Sal'wm’ P9, oo not UndorS)
APP roach 2 ' Introduce Hermite poly nomials:
2 pa-y
Yexn,tryz T2 2 Hoon ot
SDMG P'o P@Yf&f of Fla 1)
|° Flo ¢x = | the term  9ix,t> fovy ¢° ordey is .
° nl
2 Hntor= [_’>n/a n/ut
prosf: When 4 =0,
4 % +0 (- 1y
_t c-1) o -0 n!
ooty € = 2 it = &, a1 At (Reswict
Hater = (07 It
nlor = ~ 70— il:r resu
3% Hor-x = (-1)" Hn ¢ x) numbe r>
n
This is Becquse Qex.t) = 25' Hn/X) n'
— t" n R
X—-t) = " _ (- -
/3’/ t)= 2 Horo—gqr -0 Jet) =z € Lt
n J
3[-)(:1): ; )-/n/-w :, ‘_7Ix,-‘t):9{-x,-ty

Hntx) = ¢-15" Haxs
induction w0lj to olerive hermitian Po[gnumiaZs:
n+l -
Lt J =5 Hoeoge 0 t" = 5 ) s i, 2 t":&’QH,,.,/x);’_'”_
n M e 1))
'_'"'t"
n'

4
23 -

ED
3o 5 W X
Hn/("’:ann-l/”) (n=)2->
/_,)ﬂ/z
ConS‘lo/ered: Heo rx3=) [l 0> = ()20 -n!
H;’/X)I 2 H.IX)-'-'Q'K
H 1x) =8 x H-//c)=lf-)(‘ -

I"I;/X):l‘fofx-w_ HZ/XJ:QX?_)gx
Find Relation betweea Hermitian funptian and Schroolz'nger Function

50
29
st - - 2t9+ 2%
n+| n
5 et e s a oo S
n

nzo
w4 .
—a.an-,n)—’-fl—T + £ 2 X H,,/n ni
. n<o )

= &
29 & n_ 4 oo ’
2% = & Hoo 5t = 2 Haw 07—

I—’m, = - 92n ,—’ﬂ.«l T 2 % Ha
Hrm — 2xHn +2nHn,, =0 = 2(n-1> 4 na = 2% Hne - Hn

No ticed:
Ha=an Ha-
Ha'z=2nHny = 20-20m-1>Hn-a
:an.[aan-,—H,.):-ng,.’_gan [n=2->
n - 2xHy 12nHnzZ0O [::3; Sotisfies this e guation
=2 L= |+an

COMfa\'P" h" — le"l +(€_’)h:°



E=¢cn++) vsw

Unes= G, Ho (xS ) ™ T

XN LES F A L)

+ v )
6‘ ):0) ’_lnb‘) Hm/*)ex Ql)( = 71‘/7-}2", 17.’.8,,,". (SQkura,‘ rrbb 9_‘25)

The Linear Potential

The Lineor Potentiol Vixy = k) x|

o) Cl«rodingeo’ , Time-<n defenden t fun otion:

—,—’,";i—%—lffiar RlxlUg rr= E Wgirx
It is ecasiest way to ceal with this value by restricting X320
There are two t ypes of solution:
Ue (- %)= = Uerx = Ue (o) =0 D Both need satis 703/ Ug )0 whew Moo

Uer-w= Ugix) =5 UEM)I=0O

Dimensmn ’.E’S‘S‘ (9n3+}, S‘Ct:[e; Energy scale
to= ( 2x)? E.=hy.z /K )7
-2 E=—g
d‘du;z - 20Y- OUpw)-o

Noticed:
N S = A Po;
ot Y= ¢, K= Keb= B0 = &+ = (099"00[ turning vlnt .

Traon slateJ [position vay iable :

_5: il/g(f-j—i)]
d* us
d 2> ~ZuUugz)=0

This is the Airg Function, it has ¢colution

/ln /] /\K 2= 2'/\[;/?’ {) & Quontized énevyy

AVAVEN >
A< (2)=0 when Z=- 1017, -3 245 -

A @)=0 when 7 -2,238,- kovo--.

bvound State Enexgy:
o Y
e = Lol ()




W,(B AFFUOKimoﬁOYI"
WKkE  means & .Wentzel, A keamers. L. Brillouin .

Cop sider time - zna’e[—weno/ent S‘chnolznger eguation -

u
3)(:: + .’;; [E V(")UE{X)_

Define Quontities :
k(vn_ [ C E- V/'")) E 3 Ve

( kemy = —-z/ = (V- E)) = - k) E < Vx>

Sch¥sdinger Equation Becomes:
o;l;:f + (bm) Upeo - o)

If Vi were not Chonging with X, kx> wouldd be & constont.
Uxy oL exp(zzhkx>

Aesume Vi chonge slowly with 7.
Ue ixyZ exp (T We, /%>

Wave Function would be:
o~ (5

Consider solution to thys funm‘iorl unole »

+ | 2L )~ /-ﬂ[l & Slouly invariant Condition.

JIx

)—/-'ﬁ (ke = O

condzton.

Lowe se A ppr wima tion er Wi
Wo're) = 2h ko & (R) = H3C k)

L ead-:’ng Order;

dW z 2 173
[dx') = “l;‘/ﬁm) + ZH W, x>

e A D R R Sl Y22

For
E>Vm Consider second tem is much Smaller tha Hivee term
Wi W = + + [ dn’ [ Krxs 2 ko) = Reguesting that: R7xs << f2xn
xn [ox ko ()2 —-——)-:g%)
= 2% [ A k) 4 Zh 4 hm)
FirSt order O‘PP'O“"" ation fav wave funotfon
Ue 1) = exp[<Wm /%) = m exr/it‘/xd*'k/"‘)j
For Edm (%)Z T //e/'v)l + ZTH Wo/?’”

-k kg 4<E Wl
[%): - B2 > —%—Vgo—_:i-r: + ki

[%VXV’-)?- T - Ko FhEK ™ = — "Tz/ be*rxs 1 K'/m)

JWs . X
‘7w7 - 1< 'h,‘} kx> ¢ Kirx> = +=%k Kixs < 1','7 k/x/>)
Wiexy= 1<+ f“ kixodx +3<% n( ki)

. ] x
Ue(x)= @"P(J_E' W/XJ):: IEI—X} 'E’X)’/_t f k/x') o/x’)




In oll:

[

Ueto= Ty explz [Mkuady) E <V
S

Ug 0= o= e xp(z < [ Riw)dx) E > Vin

— BB E=Vio 8f Rov-o. kot zhe @ WKB IF 1. b 9t T 34 24 + 47
iAh & ava ey V- E =9/%-2).
E /\/m

X=0

2
M Sxe + Ha (E-Vmd Ueso

o x=
g {44l ¥o=dx . ZHF IR
-9 1u“
7_,0’22: - mg - x- U =0
HX-’ oA = QY_’;T%)/? QJ:J.'
ol *UE

JJzz - X2Ue =0
X3 A"&'Ylj Func tion !

. L el ol i 5 o
'A'L{Z)—izﬁ e z NATANS

7["/9—_12,_’/'1" )

cos(¥F-%) 2«o }-:__9&,’17}7/2
YRSV

0 - 2 e X220
-1 -1 .
-7[/1,)2) /4 9,,,(§__7£) Re< o

—— %% WKPiS fuxts 548 - 24U v amaue=0 gh% AT,

Bil3) -

R = - TQ [%- 0
_ 2m§g
koo = |22 (o) ¥<a 2= (2Z2)¥) x-a>
ko= - 2 / 1:?_ (x-a) = - ik/x)/ ¥ >0 2#:/22,—3: )‘z sz%—_i /x——a)"lF
I{,IX) < J——:ELI'X o)
jo.x ki dx = _’_lp_m'b T g Q)/:—?—’X/?/Q.:?
a .
[a koddn = 22)7%= 7
N F Az & ER-ENESTRD
Ug (%) = J—%-;}) e xp -} kmidr) + —'kj‘- ex,;/+/‘a°fk,)(,) dx’) — 0
5 h_-lh Vo -
‘274_ /g_mg)l Q)Tﬂ_. L;) E’Xf{ n B/ng -ﬁ/-ﬁ//L_ﬁTVE'@xF/+T)

2y (S YE R Ay 4 B 25 )T TR R Pl
TR #H acc 08y B2
Mz;z?r):z,or./ll”,%)’ Tph ALz 4+ B(22S )1'%.5%. P.l2)
=2 A /—2%—%“)"‘_% w7/ TL'A-,—;—,T/:-OM/;"%) — (AR YT U 7 STy

]

- L G -
- Q'AJ’E?:)'COS[fW k/"')dx"‘&) - B TEm “Sin (fo(a’ bxydx - B> —
TRAMIREBREL
o e xp [ kedr) 1 €7 /+fa°rk/w Ix') [ X2 8)
- L _
2 A A,’,;;,'CUS/fy brmds - F) - B 7= Sin ( [ bmodxn - TS (ween)



7 72! j ;,
A exp(- j\; k/x')dx’) +_5;;'€X)’/f,r Kixy dxd 3

Joix)
’ of B/ ‘ ~
”f;o 'COS/fb '/?/w')o/x'—%f) —_ B S‘m[ fblx.)?/x')o/z,_ zZ)

— R WKkBigt 1 73 31 44 238 %% $2 7] Qomrnerg{:eLd Quantization

Tgnore the D;‘ffuse term ibfl the wove Function.
VA
Uero = K Gy exp (- [X km W), when xech

% -
U7 = 24 7z - cos( [ koo = Z0
-cos( qu. bia o> — f“a Rosadxs — Z ) Coo(X)= Sinfod+ B>

=24 Few
~ o
= Q,q’—ftmgm/ f;, kx> o — [0 kmydy’ + 4
, o
= 2A J'é_(% S (N ko dx) Cosf fxa/é/xodx'—%)

7 ) 4
— A Tz cos (S b > Qi [P ks -5

T}\e secono term 1S non—/?hjs‘s‘oal term :

fﬁl Rixsdy = [nrd>m

yf Pix) dx'= Qflq#kzx')a’x' = a2nh{n+L)= (n+t> h & S\ommo,]felo/ O uanti

X0tion



9\_)1-“_1/2 gjstem.

Stern - Gerlach experiment. — Devive Sx Sy Sz (O perator:
The S Ystem hos bases kets  |+> [->!
Experiment:  Sxt beom subjectedd to SG% . The Beam Split into
same —zntence!
[(HSx 5] = [-1Se .15 | = JJE_
Constr uct:
[Sxit> = F=j+5> + T—ll‘e—i& [->
Orthe gonality velation:
8-> = = 1th- =€ |-y
O petatoy:
S = Sy (Skitl =~ E [sc-y <t
= B sl v e )sen)
gimizeovi—fy;
ISy, 2y = =& oy 2 £ €5 |-y
o = & e Ity o 1 e 1-5¢))

E xperiment Shous:

[< Sy, 218, +>] = /<5\y,il$>¢—>):

ST e-&(&d—}&)/:‘]___i_
Let: ¢ =0 Go = ©/2
[S%., > = 1+ 2 721>
ISy .15 = 5 1ey 2 é—{—)
S = FE( 1me-l o+ I->¢+1)
& = :‘-f—/— [ ¢l + 1-5¢+41)

Sy =

I (1tsetl= 1-5<=1>

= §,-6,=% or-

/

ry

o

two

com po nents

with



Pouli Two com ponents Formolism .

° | . —
> : () = %, -3 = [0) = %o
{t] (1L o>= 72;’ 1 = (e.1) = h
() <>
(oY= J+> ¢ty + | =><¢-1> = (-}o())
(] = () A2<t] 4 () -> <] = ( ¢x )45, Cotp->)

; H1d>y - (L) = O Ay
K= { (—)0(7)_ [e) Ko re- R
Definitiovm of Pouli Matrix:
(]S = E (ks +
{t] Skl->= F (1) 4 .-

1)

(] Skle) =2 (o |aycar IS p” > car]ed) = Xt 4

§=(F)) &=(27)> =%
F‘rorertj oJC Paul: Matrix:

féi,gj} = 2 68<5
( [8<.69]= 2 1 €<k Sk
Liz Git Hermitian
det(6<)=] Special
T4 =0 tvaceless
Q0 = 3 QkLk

( Oz o +-502>
O,’iap_ "0.3

(60> (6 b> = a bl T &<(axhb>

'\

£6505 Z 6ebr= 2 (£165. 66t + L85, 647)0; by

= D% [ Sop T + < Espe 62) Ciby
ca-b1T 4+ <2 g-(axb>
1f o is a reol vector

( & a)* = )1



—_—

Potc{tion ond angular momentum .

The Convention we follow <<n this book is the rotation offects
the system <ttself. (not the axis>. The Coordinates remain unchanged.
Rz (d)= Cos¢  —sSin¢ 0)
Sia ¢ cos¢ o
° > !
Rx(#) = ! o °
& Cosp  — ging
o Sin Cosé
Py(t%): Cos¢g @ Sh ¢
o ! o )
~ sin¢ o cosé
Infinitesimal smal fmm:
RZ (£>’ l— Pf-; - € e R’(: I,_DSZ ?E
€ = %z o 0 B ¢
o o ' 0 £ F+
- £ o €
kj: [ o | o .
— ¢ 0D |- £

o — £-o

Rx (e Ry(e) - Ry(e> Rxe &= (& 2 > Re 19-1 = g (£*)~ Rony (0>

Given A rotation R . it induces guantum operator in ket space ! VR

SuPPos‘e inf,’nifeg,‘ma[ Rotat;‘on OPeYQ‘tOr ) (o> — o{)R VR 14>
Uez - =26GE&€ G = ’—;J,-—
Ui = [— _L’ZJE—'&

):'or € xam p[e

To Lor expansion 2.2
5 - 3z 9 )" Tz | loyler exp .
2(¢)= Nﬁl!lfm(}—m ZN) = exp( - t—x- ) & I—-L_Tj"?_z-f;

Dpcd) = exp( - + F¢)

Postulates PcR) has same group property as R

Ioentity: SDCRI =T DCR> & R1=K
Closure 6DCR)) V(RD= °D(Rz> &E R Rz= Rz
Inverse 1 DR SP(RI=SD (R DR = T

& RRI=R'RP=1
fla K3 ) = P:Fz)RS_—' ,Ra
Associativity: (DR DRPD (R = DRI D (R22)= VRIDLRS D (Rs) & Rl 72) = 0 o R ks

commutation FRelation For angular momen tum opemtor:

D (Reter) D Ryley — D[ Rues> DCPaced= V[ fecen) - T

. Tx € T T e . ke e

Cr-<Z - T =3 - oo B - ) (-5 - 77 )
2

= |-+ E5

leads to: [ Tx. Tyl= =+ Tz

Pepeatinf) this argument with yo tations |

[T<,T730= <+ €25 Tk



Translation of overage Number of anrgular momentum o perator:
”—
| 6D[I?g(¢)) T« @[Pz(qb))a()

_—

T gy =
= W] exp(<EE T exp(- = 2P 5 0
s ] T+ (LT Ty s SR [T 7] o)
S AL B =gt > = Ty (-5 > )
% [Tncosd - TySing | )
v 44721 FRIR
CIedr= & Ret< T Baker - Housdvyeff Lemma:
exp(<Ca) A-expi-<GMN7A 1<l 6 A, P [a 16,417
g - LG A))

T Nt



[ Te,J50=%% E<54 Jp
/Tlms s bE’CQus‘et L$2.,55])=7% EzoiSk

/?otations n two Com;?onent forma[iSm
A2y o K expl-iSL%)

exp( - T q) 2 exp (-t

(6-a)" = i | for n = even nNumber

&n for n= oood number.

PTOVPC) befove n P<rac two component formolfs‘m. [K'ﬁ): /I”‘I’lﬂ"—" T

A (651
exp (- ishgy= (- gy L85 2))
A7 3
—< eyt S (£) 71 )
= T-cos(2) - <lsh)sin(é/2>
Explicitlyt In 2x2 form:

exp(-i5t4) ( cos($) - Ny gin(E) (~< nx-nNy)Sin(2)
COS‘/ ) +7T g QM[—‘?)

(=%NxtNny)Sin(2)

xféx Ob@&fs' translo tipn Property o]C & vector :
T 6k x = 5 Ree X627

_ 2 T Problem;

Qy = %( |+>¢-1 + )-—>«+l)
gH:_i%;:/_]+>(—l+l—><+|)
Sz E [ 14r¢H]l = 1-5¢)

Jot) = JeyLtlddy + 1-><-1ad>

vlé

@KP(——L'—S’_;‘L¢> }0(): 9*1’[‘ {/+>(+}~I—>(—u)] el
E exF(—"-z J#3¢r1) expl-i€1-><-1) 1)

.——(_—

= —<Z
= e ttd) et ) sel

U

’0() Rz(27) = - [o()

— (onstiuct spinoy satiofying

A %= A

In orther words:
S-S0 t)=2]sAit)

£ « First rotation

z F4
£ I
jl_\ — L After rotation. this is the direction of f
y ol
> rotation

X N~ second

= [Cow——) - <67 9’“[_)) /C"’(‘f“) -t hasheE ) /D

<R/
y / cos / £)¢e

Sin (L) o7~ )

— Cay[ey klein  Forametery (For SU2 Group)



b
U, b>= /_?,*a*) ja)*+ b))%
U(Q'rb,> U/OQ, bz): U(al a.’Z"bleI*, Otlbz ‘I‘ag_*b/>

Ulle. by = Uia*, - b

U[O,b) > came 2x 3 matrix

U(- a-b)
= (Db

——Ls In SO(3 .isT

Fuler rotation re presented by

Rix.p. 7> = Re(w) Ry (B) Pgceed
Consicler : /;?y:(éw: Rz(oc)y Rylp) ke'l o>
Retw> = Pye) Pacs> Pyl (A
Ria.g o> = R.(B) Fal w) Re'(B)  Rylb)  Ra)
= Rz i) RelB) Fe'(d)  Ref2)  Relew)
= Ra(d) Ry [R) Re (>

Then
0 (t.pv3 = DVzlod) Dy lp) Vg (¥

M atrix representation of this proo/uct:

exp[-<5%) exp (-

:/ e—-m‘o(/z O )/ cos(blz) - 9,‘/.(,8/2)).( e--'za—/n o
O e <%/ pos( /2> o . .k

S (ﬁ/3->
< (A1BI/2 (- ©85/2
- -9
. ( e cos(B/2> - e - Qin(p/2>
,;(o(_r)/zl i . /-
e Sin (/2 T (AtTX2 sl Br2>

For  rotation operator  D(«, p.¥> . It's motrix element:

Ll/l) i
Omim (Xb.7)= (G=4.m | exp(-iHEY exp(- v L) exp(-2 ZX> | 5= 4.m)

Evolution of o state m Spin /2 system. and its relation with fotation.

- E
H——‘ynic\\u/'S\'B = - Wgz w = ’Lﬁilf

magnetic moment
SgI,Ut)

Uct-on= exlp(—-i,t_{f—).:ex}:(_ 7
(5\77) 't = ( 5\><>'(‘_:o 609(Wt) - <95>‘t:0 anw'f

(5\\‘1)1 2 (¢ Sydt=0 COS(WE) TLSxD 425 Stnw-t

<§Z)+ = < x4y
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l /‘t ) - ’T‘ -
35 ) ’ }(} | - >
A £ XP( to<t + >< :
) Jo{)

2

[ - >¢ 1ol

i

oxp (- <
< ME) el 4 €°



— S buvat !

25 Efgen luee and Ez‘ﬁen states of ﬁngulav /Wampntum.‘
T T Tx + TyTy + J272

Ck=1,2.3>

[T T3]= =+ €<kl

‘fo\' k= % coase:

Lhkelyly+TsTa.72] = Tx LTx,Tad + [ Jx-TedTx + TyL JoTe] + C Jy.J2 )Ty

= Tx(-<tTy) — ih Ty Txn + T4 (25 Tx>) + (14 BTy

=0

Noticed that: (L@ @A5 75 4F 4!
LIx, Tel=

= Txfjx,ji,]—f[jxszij*

Looking for simultoneous

T*)a. b>

I

aloa.by

1]

Jz [o. by = bloe. by

).ado/ek operator :
Jt = Tx t < Ty

satisfzes:

e<gen kets

ijx TZ - 737;.— IX: Ta-j:rjz “ijz Txfj—xjgjx - Tz TXTX

anol JTz.

of T*

J2[Te la.by) = TofTz)abs) + T To Te7la. by

= Cbz+> T:a.b)

T Telobs)= Te[T'abs)+LT57: 7 Ja.bs

= o - j:r/dL)

lo summovize
a and bt
Im portant property: az*zp*
Notzceol:
T Ttz = (TrJ-+ T-T¢)
CDHS‘io/er: ( R@guire lab) Nowmplizeol !

(a.b) I~ T a.by=a* b

NDtioeol\.
p.C.
@bl Ty T loby = /I /a,b)) J.1a.b> >0
THEn!
a*-h:o !
Relation between a,; bmen

o RQ(ation of l>mm,0¢ t jf}a' bmm) =0

J: la.by are the simultoneous

T and Jz. with ez‘genvalue

efgen}qet for

Actuauj ' -2" T+ _7-

J-J+) = 7;1'1 :7:Lfz
T

R
T T A T T 2 [ (Ter =Ty Tm - < Ty
T Ju- <Ty> (T +< T3> )
=4 /TxTxT JyTyg 1+ 2 C Ty Tx - B Ty)
T T Tx + TyHt <C T Ty - TyTeo )

= ijx*I’j]j

/ bYVlD()r .L



Ix =2 Ty)( Tx + < Ty)

In this case:r JT-T+ |G buwaxr>=0o J-Tr = (
:T*TXT 737_.,/1—1'[ DTy - J9Tx)
=T T2 A< (i 4TR)

Which means
&— b)r_nqx — '}1 bqu =0

Q= bqu/ bray + £

J*- jzz— + Jz

= (Tx v <09)( T - T Jy)

o Relntion between bmn and a:
J- [ C) briny =O J+ J- =
T - bmi s o =t - (5 Ty -y T
&’b;,ﬂ k bmin = o - J- Jz - 7 L Tn. T
O =bmin (b = %> ] = T'- T'- < (2 £ T2)
=TT+ A

’ ,?@{O('t'ton ))@T(/UE’PYL bvnax Qnol )Dm-in
bm-in /bmin"hDZ bmar/bqu‘r y i)

z 2
}Pmax - b»ﬂ:n th( bmax + Lm-;'u):o

(Lmn)('f bmin ) ( }Jmax-— bm,',, 'T%_):O

bm.'n:—bmﬂx (V)
bmin = b mav+ ¥ X0
— Common way to label the ctate!
we must be able to yeach 1 bmayd by apply Tt successively +o 4. bm,y
bmq,: bm.',. + Nk
Bmay = L% =5k suppose J= L  (3con be
O = bmaxl brax 4> = K2 50541 >
/ T 1 am> = 5¢3+0013,m>
limd= m+ 1 Im >
Matrix elements For Ongulzw momentum
o Matriv elements fo anﬁu[mr momentum I and Tz . They are eascy o obtan,
I T3, my = £2909+1> S35 Smem
$9'9 Smm

<j'; m') _IZ )Tj,m) hy }'I m

0 Matrix elements‘ fbr Jz
+k T2

Coeff)-p,-ent foy Laoodler o,:evator:
T T#T-= ( TxxiTy)(Tx -<T9>= K+ Ty 1w (TyTx-TxTy) =T - Tg —=(Zt )

v 7[br J- !
Chm| T T[im) = ¢am| T-T8 + 4 e )dim)y = K L3/it1)-m>+m |
FRES /ﬁ-rm)/:)"'m-fl)

Suppose v T-

| Com | =

Then
Cim = & I (34mis-mar>

)j:m)-’cg,h}j/m—;)
= ‘kz[jlv'-n)-—m[m-l)): R 3 m* +5+m])= 15,1/(3'+M>/:)'-m)+/j+m,)




¢ foyr Tyt T-Te: T TS - KT
<ImlL T4 liom)= R (331> —m*- )z k3% me 1 0Gm ) k(T oy (1 ma)

TL\éh'- TT/DI)M) = (13‘;: }j"v"“>

—

t _
pjm - ){ \//j—m)(j.,.mv+|)

.1 p— . N
Com =+ f/3+yn)(jim+))

v Motiiv elemente for Tt

(J"rn') L}j,m) = fi j(j—“}m)/j:fm+/) gn’mi; $55-
Can CoNnsStrulCt j;,Tj US i

Jz !



3254 Representation of Fotaton operator:

olperator

54) )dm)

— Matriv¢ e[ement vf VYotation
(> _ . . T
GDM'M(R) - (J,MIPXP[—'C =

M&-h.‘x olements are called winger Ffunctzons !
O[if]l‘erenf j_UO[Ué‘_{‘

MGty ix elementg betwee"l

We donx neeod +o cons-toler

because they all vanish trivolly | ) Because
T DRy Joamy = QR) T*15.m> =tdrsuy QR m)

° M@m‘i"g 0,7[ the moatrix element value:
> 1 3,m<¢3,m) COR)]F.m)

%0 (R) | 3. my = 2

= 5 13wy DR
79)
GDM’M/R) Mmeons the Amf(f-tude 07[ rotatecd I, m> t be 7/«;uno(
at [2.m’>
M&“fkl‘x Yea[:‘zatron 0][ arbl'-trary 3 0][ Eu[@r rotactzon <

m{Z)(A,/?,V): <dm| expl- i;‘l——i,—_f(—-) exp(-=T4EL . expl/-=-TEL 5 |3,m
- - /m’df)ﬂr),<j/m,/ex}a/___£'J—iﬂ > )5.m)

Olm[’:) (B) = <o expr-z Tt 15m

0 9= 1/9

Com anen-t for ma [/;s“m)

[1/2) :
) = £ —sm (&
o (B /("Df[z) S (/2) ) Crotation in dirc,c +wo

Sin(B/2) (os /ﬂ/z)

N(_’xt 9im,a[@s~t case Y I =)
IX3 matrix

Tﬂ: _2/{5'—-[71_7—)

FVOm '
CHom | Tolsmy = H Joamszme 5597 Sp mi

Firgtly © obtain representotion of Jy.

For 3=1, T+
CLm | B 1omd = 3 T -myi amais - Smr ms
m=|| o 2% o
M=o © 0 PR
‘- Lo o o
For 9:=1 5 7 \
< LM T, my s | Jlwmog1-mar ) Smeom- / 2 Z:]
° Lt o



(j’ﬂ(f):l))l‘. / )
+ - 2

[ 2Z)= ]

Conse guentlyy For 3=/,
Ty R

D r o -Fi o ; 0o -z o
! "’ --'z"-[Ei o -2z :_2’—[51' © -6z
Z = 0 L= o

<zt s {_@9['['/”10( te <

expl(-<—35)=/+ C-F)TyB -

= |

|+ c-oBp + S -ocn (E)F -
WA 2 Ty
t = ERSR e ()R -

S (F oA

t 2 (- LAt )
e Bosis - E 1 o)
go-’
) ! / .
ol () = — (14 Cosg) - Z Sng ~4(1-cosB)
F;S‘l'nﬁ cosp —EL‘gllnﬂ

! ) 1
‘;[I-—COS‘/S) 7;—‘5‘:‘414 —2—//+00:/9)

- o -nv © / [ ]_o_ - A (j'—i -
.15{ o -F< ("= »= O -~k S
[ 22 (o]
) 2T



— When o Single Fartic[e/s

2() Or)aital Aﬂjmlm m 0ome Ntum

/t's 74n9u(or momentum ;5 5 ual

s Iaz‘n —angulm moméntum is Zero |

anﬁular momentu m !
A ~

L= XxP

to ovbztal

\

Orbi’[ﬂl aﬂgUIurmomenth commu tation reloation
L Lz.Lls3= = *h €u3r Lk

Next, Let!
/""I.-——L )X..fd?} //-i_\(yfy_y)?x)/ }le?,):[}__cfl—fg-gf’)(’_’_-(_'gs?yl) )7{’ :f'?l)
= X dse, ya xst, 7

T)'HS‘ 1S P\'ecu‘ely W/xc,-t we @x}.‘)é(“t [z ﬁenera{-er_/

Anﬁu /l/l»men-bum O)DPMz‘ov n POQ:’t:'on SPace:

o Lz o,aerator:
Y2 C1-<B Ly o) = <x'+4'sd, v'- x54, 2] )

C}ﬂange coonoinate basis:
5¢ 5§ <10 %)

<ro.g| - <Ller|ods= Kr.0.¢-5¢)o) = < LO. Pl ~

We can <oentify:

x| Lalots = ~ < 4 55 ¢ x)a)
* Lxlyoperator: 7
X = )fS‘l'nQ(’ag‘qS
Y= v Sin@ /18
A
2=y CosO

z Cos0 /
tanPx = T I Sino S

X = YSwm@ Cos ¢

(x-CosO« =
For vototion =n o d<vect<ony $Ox=o0 §Ilxzo S&zo
d(smnocosy )=
CoSOCosd /O — SO S G LP =0
: £ (0
— g dp, = — —L [ g6 — C.ose Qos ¢ co #
Cos? ¢x X $in*6  Sincp S Sin* ¢ S‘/LéS‘»'ﬂ?ld&

2 2
cos*© B ) cosdoCcos? )
(1 Sin*6 Sin*¢ )"/75)’ - /’ s Sne T sikie $i7¢ A8
/ (705'19 2
Siho S g /W 4/ — Cos 9) 4O

%
&
0/9: - S\lla‘fo/L#X >
. N

Cor Cos?g
It = — T dex 5 .

&d Lxlod) = —=h /“ Q""¢ 339 — CotO Ccosg g%‘)( 7;'}0(}
(Al lyldy = =<K Cos P -~ Cm«@g;;?;%)(x'/o()




¢ LOLo{oler o}aercctov L+
K Laldy = - w4 e P 4453 — coto B ) <xixs
Orbitat anﬁular mopmen tum o}Devator L N
. (—~>

[=thetye La= [ tet-m o)1l
So 4+

v

S5 (Sine ) ) < x|

I
SinE

|l = - k(s —

orbital angulay momentum anol momentum operator.

— }?e[a tion FBetween

° o perator dentity L= X*P = C o py*+ < x-p

Ei5k Xi 5 Epp Moy
Cim S§34) X<~ 5 Ailm

= -zj%nk
- ﬂm [Sce S5 —
/ S<e Som X< (74 —

= 32m S50 A< Ps( Pn X + —A#SMLD)

= 7{2,)9— — —C‘k 7{-/) — —5%7,;«, g_im SOL

LX< Fm %5 — = 56500 + <+ Sem %< [35 ]
— <k ox-p—(XF) L 22 P — TH x.p

+ =Hh Xx-P

= — <k S5¢> fm

-og-ém

= x>

= X (xap)?

Noticed thot:

<X x-Pla)= X" (—<% v ) < xr)ets
— 24 F 2<% o)

= - g
¢ /(?TP) D= — +32* Y—_b——?w<><'}9())
- - t /" — < /o()+yby >Y//O( >)
Thus 2
<A LD = 1’<’/ X2P - o P)T AP X
P2ex [ P = <N Py 4k <] xep o)

Y‘(K’/led)—#/rg?z<x)o(> +1r = <X ot
9y QV)O( OYZQ-L'['Q 74'1314 Lar NMomen tum
—-};2);2. (’f/ L/°(>)

Rela‘tions*kld between binettc enev
lm (X/F}O/)— /Y’z—ay/yz ) oA ~
= - ai’,‘; v (x)o()
- - f [ r= BT _TfL: 9,939/3""93%)
+ Fae '>¢z) J<xle



3, 6. 2. S‘phericd Hormonics. L
(895744115 usilZoe)

[4im} gpan the sub- H=<lbert space 9}9annw/ kj /A
R -5F IR Y2 Yo {aizen.
5PL9HCG[ Harm onics Y Z 2
(hldms = 17
Satisfiesy | <A Fldms= L+ (A m)
}(ﬁf Lzjam>= % m KR[LmMS
leads to d<fferential equatzon:

-ty Y29=m+ Y5 — (1)

[sro si(n0%) + s T 1 4(<0] B TE 20—
(1) wmeans ‘?o/e,:endence 07[ 7% is e-:‘m?
v of  sphevical hormonice
using +he novmalization relo tion of 1432
fd‘ﬂ'n [A>CAl =]
T hen. (-(’M'/:{hﬂ: /\drflm <483 q [4m

A% w m
= /‘:Mft jo Q;'\GO/Q' T:*TJ = S-(/—( Sm’yy,

v A way to SPL!HC‘(.‘[ hermonice [][I'Dn J.j.S‘a'equ' 3.6.2):
From m=4 cose. YT{/atP) satisfies
Ly |[44yz0
U

Glly 44> =0
&
— <t ™13 -coteng) Ti=0

<4 P

we know the P - dependence of Y% is e & The solution:

Tf = C‘.('S‘)';(@ . ei—f‘P

Normalisation:

v
(- eatenra e
Caz 24 41 - &z

, [ B -
(n)'{,M'l>: *Jﬁm')—' (n/l.-— /-(,M}

—_—t 2, 2. )4
= TaEmimiy (-56 +% Coto 55 ) < l4m)
< —_— Lem
0 M = D7 Tratn) Ceimy <mg : o .2
m TJ <. ! ¥ T‘T)' - " ginm o -W./flﬁ&)
n_ m ¥
mco Ny, "= (‘I)m/\?//z )
For m=zo
Y7 = Yi(e.p)= J%é;’ Pe (CO50)
v For 60 % (0=0.9=not determmned ) For ; Reagon:

il amyz YT10:0,.5 D (E]| Lglem>—5— = YZ/07u, .y

noticed: L2]2>=0 = For m#0 T,'?(G:OAPnn oletermineo Y= 0!

; )
\7 WL% can O)’bi’tal, angular momentum );e ’énteﬁmls e'uvn[z Py



2.6.3 SPH@HC‘&Z l\arm(anics as rotation wmatrice

Find Proper D(R> o let 175= 0 (R 12>

v Reoson fur 0[01.'(\5 soy [ used +he property <M |Q(R) [L'm>=0 (474, )

’ A '* — -
(Am| Ay= Y2 (e p)=Z <Am| DRy 14ym> 4] 2 )

4 X
—_— m
= %,T O_O[R)M,m T,a [0z0. ¢z not de teymmed d

7 Ugfnj the Euler rotation: (4= B8=0 x=z0) (TU {4 2 3203 A)

2 7
Zi P 1.8 ,fl/'
Y

X
/J‘ £ )F
m _ (4
Y,e (e.$) = %, GDMI,,[ ¢, 6.0) \f,r{"/ gP:ne a[etrmined)

v ﬂﬂfl’é‘eol mz=o Tf/@:o,---);{-p
X (4) #
g o
Y_,( ((9/¢): 60,1'0(‘?5/6,0)-7’,{[01"‘)

() i +)
= ODM'O (‘?, Q, O) 24,.{/[ '/D"(/CDJB\)/ =p
=1

(1) *
_ _ 4 x ]
Vmottbvzor= |25 Y10t [oopg. .

VImPortant property when mzo;
<A, 0} @[&NJ)-GD[@(,B)) D [Fernr) | L0

(4
o (X.B8, v=0)

Wl

{4.0] VRyB) |4.9) _e"f(O-‘h)[d+r)

oL e

I

«£) o ¥
N VX Y

(4

den(p) = [o2— iicosp)



7 9C|modin39r Eguation fov central Potenffa[.

H om < < ton ian Under Cons-‘zlerc(tron \

H = ,_Pm + Vin r*=x2

showeol that :

-Hnerefore\ LL.HD = LL* -10= @)

3 7' gc}qmo('inger eguction for central potentfa[:

The commutation relation be tween 14 and Lz, = zells us we con define Eigewl'e:,f[a/r
J od> =t E A4 m > “
where HIEAm>= E|ELms
BIEAms = h2tre+1) | Eems
Le|ELw> =4 m | E4ms
Denote + (=<l EAm> = R&(r)-Yice#> é:" [E> speni?> <x)=<cyleco.g|

[4r > span A5

From previous:(the momentum operator can be expressed as)

2 2 2.7 .
< K’/ 2Pm [ot) = - 2qhm / r? ‘Tfn/r 537’ (xet> — —;.—ir=- < >f’/‘:,"u}
- 2 | ® . L > > 2"
- = jn / re 2r [ r 53)"' r'* '/9-‘43 56 (Sibsg) + siql‘e _:4’2 )/ sl

Enevgy 9199n fun('fl'on“
] 42 T

() 2 ! . S -2 , -
|- = (et T (5755 sinos *T;’m’é»?*)) + Vi /<*lEvlm>= EcxilE4m;

<
i - 2= [7raririe) — J—{Y—:—')—) T Vin })?,(n YZ16.9)= E<x'|E Am>

T g (14 k3 .
(- "Z%W/' ;,%) + Zmy= 1 \//n)-}i’m/n = E Reclr)
UsLrn
Fetim = ———

Coupleol with the fact that spherical hotmonics are seperately nowmalized . the overall

nommolization cond<tion:

)= [rar ket Reyin= [ar ulimuecin

UE(n  can  be interpreted as wave fun(“tl'on in one dimension for Q ):a,f;cle

moving in On effective poten tal

A /4+1) K2
\/@ff = \//’) Tt 2 m y<

o

notice ! exist gn ar\gu(m momen+um barrier ,-/ AZ0 . Amlpl.'fuc/e is small fpr
FO"fiCle LOCang gt pru‘g,'/, y Px}’)f’c‘f for 1'5";-(:0) etote.
°  colution for rso when ,l,-;':" Vinr*=o
ol*U =t (L)
- === U r)
s : L/

-t'l\e S olu tion would be



A+) B
Uel = A r 4 —

F=0 under certain considevationt ( Prob327 sokirar, 1t leads ¢

af probability becaus e

two teme

nongfonservat ion

l'/l ter en?nce)

1f BZoy  Re~—w@  r=0
[ A 2 , +the wove fuhm—:'on /5
A ) / 3) (3>
2 X=-o ReEL ~ == = V() =-4758(%) = Vb~ (5

A
conseguenﬂy.‘ Retio~ r— as r 2o

° Bound state for Vin-o.rs+c.

e =L
%: kzuEt,‘ k2 - - Q-ksz 50 ¥t
solution ¢ UpLln) o é—kr
Déi': V2Vim=o ;HL‘{': Vm=»o | Pzkr = »J;E.E—E.y

A _
Uegile= P *,'t?P-LU/P/
2

oW 41 W y,
apr 1 9‘/7 “I)#'i‘ /’% - ZKPﬁ))W:O

202 The Free Rawcicle anol infinite spherical well

E:___h_l_kj- p:‘kl’

Rao/ic:l Eauot-h‘on !

2 d AL _
(_ 2my2 dr [‘”zﬁ%) T T r_f--k +\//") RE—'L lr)= k& Rei(r)

Vi) = o

= +dP = P *
e“'~‘FdP— APFJ‘%—'E: r:T:p.JﬁE.é

2 o R AL +10)
apr PP yp T - —F—)F -0

Thic eguation hos o solution called
WLP) s nelP)
50l 0) = - p)C (——55) " E5E)
nelP=— (~py (%07 152

(7> _
Easy +o chow f%at‘/ as LP-o0 |24(P) — P’C
- (L+])

Ne(P) — F

V(P) is +the allowecd ¢olutzon here!

spherical Bessel Functzon are defined over the entire complex plane!

. ( / -
i = 5o [ ds o7 s

Fire+ '?f@w Be ssel /:”nC‘tl'Dn:
' Sin P
Jolp) = P
' - in P o
Jp)= £5L . Cerf
£ip) = /—P?T"z).?fnp,,?_%




Particle  confined ¢o an  infinite  spherical well |
Vin =0 r<a
f\//r)

Quanfi'zaffon ConD/i‘l‘ ‘ton:

+0 o0

\\

j,{//?a) = O

Yegu<res ka eguals to set of =zeros of spherical Bessel
A0 bka=7 2% ...

+% -
Fe-0 = Tmaz L 72, cazy~ ... ]

_ 2 _ . 2
Fazi = zma= [ 4t+9, 2777 ]

2

— + s
Feez = =mps L 526, - 7

.73 The <sotropic  Harmonic oscillator

P* I
H= zm + = mw?r>

Introduce dimensipnless energy » . radiol coordinate €

E= L +w> r= ()T p

mw
Radial Eguation of Fom:

S\

_ _h* JF /2 ) _
am o U+ (T TVIN) Uel = E Uy
0[1(1 A /—(4")
o pr T T pr U2 yr - pry U= O

Tt is woith +o remove the /ve/»aveofflae[mge P. Suppose
-PY
urer= P80 fop

This l:{-ields’ the fo((owfnj od=fferential eguation?
of*f
Pder * 9—/“‘*')'P‘)-%+ (7~C2242)). P-Lrpy=0
T+

Fep = =, ane”

> 4 —_—
£ 2 (4-5Q, p°z 0 D a, =o
ntl | 1o _ Nt
P N V-I)?_f /fl-fﬁ)fnf;)an.'z—}-a/_(.(-l) /n+z>-an.,2 —D.nan+L)7 —/2/647235%/{0 =0
Recursio n 3
& 2n+ 24+ 3- 5
/ 72T AT E (nrzerz)
Qv =o (for 0dd n. Q, = o)
— Oin+2 2 __L
For n—+o . On - > n - 2 where 9——"2‘

]

’includ-z'nﬁ both odd ono even -éntejrg[s,

2

a
f/P) —> Cconst %T’T'/Pz) oC ep

wlicl:, m e ons UCP) X explPYe) 5 oo
Qn-rﬂ.-‘—@'an
v_-—___
We need o terminctes +he seriest N = 2 . 9-:0/},

AN+2A+7-2=0

Eoe = 40z wuwlags 144 2)z [N+3)Fw

Notice Jor even /odd Volues of N. only even/odd vgluesr o/ L ove allowed.

Funceion



_L‘E(S noa tural +to

Al so

E.'g enstate !

St

Flom<+£ +on ian *

Because
d*w
P e

la bel the e igenstate Df +h e hamz<4tonion as |S4m> 0 JNAM>

H = Hx + Fly+ -2
H< =010 ++

E = (nx +nysnz s 2w

}h*/nﬂ,ﬂz>

The Coutomb /701“@)’)1':'0«[_

2
\/(x) - - %
rz2V/iH)=0.y-0 ;, \/Ih=0 11— 3w, search ﬁr solution o][ j[unc-h'on wir)
; . s
Pz [BL)T . ZE - 2w )%oy

w
+ 2/A4+) - p)-%'g -/-/P,—Q/-(-r-/))- wer) = o0

kumners eguation ?

COnj[‘luent ije»geometu‘c

For Larﬂ@ P:

1p F‘ .
T T - —aF =0

x ol x?

Xz 2P C=z2/«4+1) 2= 2(4+1) — A

Func+tion s
oot %

2!

Flo.c.x> = i+~§——.’%+ clo+1>

Wir = Fler-£ 00205, ap)

— o0+ sy (22" P
Wee) = 2 - ClC+1) ~pyn) Nt e ( )

Large N

For some Cu%—off reguiréement: Q +N = (n=o0.), -+ D
Po=2(N+L4))

)9Yiv1€)fo.l g UGntum namber >
n-= N+L+)=1)2,3 - /N:o,/,Q--- )

Enevﬁy eigpnvalué’ N

Dt’genemcy :

~

RIS

- _ zz°<1 >t
E = - xme? s :'—}?-KPV-F JTL’= > = =
a _ —Ii— _ _kz_
° =~ mcHX T m e:

h-)

> [(24+1) = n?

AL=0

Wave function 2

where

Uit (%)= <> /n4tm> = Retn T2 16,¢)
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3.9 Add<+tion of /-’mgulm momeéntum

?,g./ §n'mple examP[@S 03(1 angulm momentum apol<tion
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3.8.92. /:Drm&[ T%eorj for Anﬁular momentum gdoction.
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Go,/P)@GDA/R): exzy/—z' l%’isﬁ@ ex p [—i—j:z#fé'#’)
Choice of basis
I T 5 ToeTag | 900325 my me)
2 75 1Y Ta 13.,3,,3.m)>
this s because: TLTT.7./)=0 [T, .Tz]=0
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oscilla tor m volel ij)' angulm Momen tum

3.9 Schwinﬁpy ‘s
Angulm momen tum ond uncowp e o oscillators.

Xy
Nt = 0,70, N- = R10.
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[Ny, Q1] =-0Cy CN- _Q-0=-q.
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2.4.2. Exﬂfcit J(\()Ymulo far rota tion Ma trices.

fo cus on the

D(r)> = CD[O(—[&,D’D/O(:X_'.O :efp[—'i—T%’i>
. - U*m — —r S5-m
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3.10 S‘P‘in‘ Correlot ron measurémenr anol Bell's ineguality.

consioder ¢yo — electron S ystem Zn awsfaz‘e
=7

[spn ﬁnglet):‘?i—"‘//é\+:2ﬂ“> — }§—,§+>)

&) ! ® z > [A) it A megsures T

avti(}f [_ -
jar wcle 2 P E meqsyves &

EihQ'fé’iVI'S {,U Co.[_i-ry }:r,'nc;'lb[e anol EEHIS )3’)66 u&;[:‘-kj.

PGY tl’[[e/ !DQ rt I'CZP 2. tabel 32
N G+ T4 C84) (4-.%-.0-)
v (a+. 0L 2o (G-,0-.01)
b (Ar, B, Cey  (A- B4 0o
v (B, 582y (A~ L4 G0
bs  (4-, L+, C+)> (a+ L -,C-
M, (a-, L+,C-) (a+, b-,C+)
Ny (d- £-,C4) (A+ b+, C-)

N, (B L, @~

S‘ufFose/ A Finds C-a be +,
_ Nz+ Ny
E :701’”0/.9 .g\Q_- )p Le -, -

Nrt Ny & Nio tNge + Nz 7N j
] - = /V /V [y l N_??‘ N2
Plat.b1) = j_g'%:’ /D/av‘,c+/:>:2/:1.y . PlE+.T4)= —; Ne
| < e
96[,[.5 anauatifj !
Pla+ b+) ¢ PlAat &+)+ P¢é+. )
3. 10.3 Q uantum wmechanics and  Bells <negual ity
b aQ
y@al
b
/ From previous sec tion eigen stgte 7[0* tS‘- ﬁ)
PUG +5+) =2 cog/7=Bab ) = Sin* [ Bal
EEUIS“ 11 egugb‘tjz a
Sin’ (qu~b)5 Qiqa/ﬁz—aé) + S 2@) %‘ﬁ@é( & =Z not holdy



3.1 TEV)S‘O Y O,’JP\'O( tors

21l Vector opérator.
oA |V |oS — <t |BOTCRY Ve DRI oS
The expec tation volu of vec tor operatol are expect to change Qs
(AVeldy =S Ris <X Vslars
i ~D.
ORIV VR = 37 R<3V5
Lnf<n<tesimal  version :
_ <& 4
@(R) = / - -—_E— T—n
Vi ¢+ _—‘%_ [\/{,j‘.‘h]: 55‘ Rij/ﬁlg) \)j_

S -~

In Por-t'n'cular- n=2x.

R(Z, ¢)= /I —& ©
& ) o)
(@) @) |
=) Vax + = Vx . T¢J= V= € \/y

=20 Vgt T LV, Tgde Vgte Vs

=73 Ve + %sz.jzjz VZ

L V=.V31= =« Eij},'l,'jk

3012  Cartesian Tensor Versus Irreducible tensors.

Cartesian Tensor:  the number of indices is calleol +the rank of the zensor!
Tk -.. Ree Rygr - Tersipe..
The Sim plPSf Car tesian operator Is o(yadic formed of two vectors (J andl V.
T<y = (s V3
< Vo — UsVx < V5 3 V= A A
UiUs = LY g5 Yevom bovs | (Uelsalav %‘Jﬂ)
/” Q ﬂs mmetii / tric ond tracel
frace nti - j 1 C s‘ymme I aceless

X3 - |+ 345
Tn j[QCt +his is the S‘imP[BS‘—t nontrival Example to <(lustrate the yeduction

of & cartesian tensor <nto -irreducible spherical +ensor.

Example of §FLEY|CG f@n§or of rankR R

—( k
T = vyt ow
k=) id= |
Breose = [Z £ — 1= 2 Ve
< " <V
O T

This cen  be generalized to higher k. for example
(=t=<y)" (2s G 2
Yelaw o T — T2 T J?%:/V*ifvy)

‘md
[

__ (b :
,,; are Just Q¢ are .

we want to see the transformation of <n +thiS wmanner.

For  clirec tion €1‘3enf?é’f Ins



[h> b——— SO (R IR> ="
how Y% (w)=cen'|tm) would Llook n terms Of oS

we whish to exam

This  cn be seep bj starting with !

DR | 4m> = Mo S | DRI

2
m
Z |4 ms DOpom (R

Acting (nl on the left
¢A4)
-~ iy : - — “ { /) @ , (}?”‘l}
Al (R 14.m> 2,;<n) g m m
’ L)
Yin) = 5= YR Opem (P
Tf -there is an operator  that acts like YZ(V). =t <5 repsonable +o expect.
Dlr) 1% (v) OC(R) = Zy%cv) D “ T ey
/whete we }wve used the unitarity .
Df the rotation to rewrite @»(vm R

Definition of grken’cal tensor  operntor of rank R with 2kt elements.
ck)

L3 R *
oy Ty DR = RN Das (R) Ty

or eguivclently
R k k
Vv 1§V Ury = = Dis (R T3

A more convenient def:‘nitl'on of o spherfcal tenSor s obtained bj ConS)'deri‘ﬂﬁ

+he —inf-initesl'ma( fovm 07[ above eguatzon
A - R -
. T T k T

[ 1-= J_kns) Ték)//r’t'-.,\.—"ns):ang(/)-( kﬁ'/(l“c—FTné‘) [ ke

CTi . 75P 7 = 3 T ¢ kol TR ED

Taking A to be 2 and K1<Y d<rection and using the nowvanrg}\.'ng ma trix

\

elements of T: and Tt, we obtain:
— k) — k)

L Ja.Tg 1= 52T
—chk

[ ] kR —_—
L Je. Té' J= hdckFarchsarn - gy

of spherical  tensor operator!

These commutation relation con be

3013 Froduct of 7Tensors

A simple example of 9)7}.ey.'cal tensor !

(> _ _ _Q_l./ Un Vop + Javer = U, Vo
2 L— 3 = ;
o ( Ux Vg
To = =
Tal*-zﬂ) = Ut Vi
TA Uz Vo 4+ U. V&
£ = Tz
T = Ust Voo + 206 Ve + U Ve
&6
Tn  which Us = — (Uct <=VUy) /13 U-=( Ux - ‘C'UH)/J'Q-_ U =Uz.

The  preceding  transformation property con  be cheked by compare with T2

For instance



. _ B 81
Ya < jién’ Tyt
w,'»ere I -r* Ccan be written as
2 Y X-7Y)
2242 [- = =)

Hence. Yi is o sPecz'o,[ case fbf T fo UsVar

— k. 2 .
Theorem 5: let X&) Z(ofz> be <neducible s pherical tensors of rank ki ano ks

+hen

T 5 <kk 6.9 bk k> XS Z87

is a sphe rical tensor of vank k.

P"”JL we went to Show wha + Tg" behaves  undey votation .
) — ‘ }?z
Dr) T DR = £ 5, Chkastih] kikik®) Dl X6 Der) Ole) 25, Do

chk) ¢ k2>

. /3 ; Chka)
= %a;a,,a, Choka i3] kb ke) Xa; Da e (R Zo: Dara, (R

us ing the property

D10 CJ2) — .- . s . ¢ , .- ) )
Mn?ﬂf' (R) WVmam; (R): 7-%,‘,", (3132;,”’”)2/\7132 jjm)( JIJ2; m, mz’/ Ji1 Ja J M} ODH{_;):’(P>

T o agrararys kb Lu kb ko> kb 873 kb K20 (R kai2 %] bpa. K30

CR " g3 C k)
60&’9")[’? ) Koi 2. ) used the orthogonali ty of &4
= = Skrr Sogr  <kikai 8/ 8. kibas f 9 coefficients!

k%724 9"2 £

CR™ ) chk P2
Dog (R Xay X&i

_ o /o . , o
=z />— Chke 18060 R ke ke XS Z R ) Dgs (R

T

— k ck> .

= % Te “Dgrg CR™)
_ T CR) % P
= & Vey (R) To’

At Marix elements of Tensor operators.

The Wigner- Eckart Theorem.

¢ oty 3| T |, 5, m> =0 unless  m'= 3+ m.
proo f" usfng [ Jz. Tg(hJ: ‘F%-’Tgk)
(A9 w ] ETZ,TQ(’"J - % ﬁ-Ték' [od. 2. m>=0.
(3o | Te T4 - T T - #9780 [g.n5 =0
(m=rmyh = g% <’ 3w’ | T8 43 m>= o
end o][ I;mDJ[ {

k
})roof 2 Tg; undey rototion :
_{ A — ,
D 1Y ) gm> = @ /g(k’dof?) ld,3,m}



DV stands for rotation around 2 for ¢

7

—<Tm'e _
T wm) T8 otgms

k e
Vers T by = 5, Dsls (AT
, ‘ N 7 % ¢
Dact) = Limy [1-+ZF) zexp(- 2 Tt)=)- = L2 - Ep
) i 3 —Ck . .
DT 1t Gom> = = @a(’a (R T57 expl '1—7—?)- | &, Dsm>
= Z <kl exp-<Tds ke T & T w gms
= 750 o S Jugm)
. \ . : ;. Ch -
Noticed : v o DT wam = &3 e ] TR (43 m
7 2 ’, k) r 2 o (k .
(L DTS g = L3 | D Ee) TS | A Gem >

J]/ = e
’ 2 . —)U .
¢ oLVl |(9}o(,7,'">#0 only  when m’=z 3+m!

of tensor opergtors  with yecpect to anqular- momentum

the motrix elements
efgenstotes 5at,‘§f}/ ,
W3 wl TS 1 gms = (I him &5,k T mD T TP IS 2577
where the doulle bor meons <ndependent of m.m'.s
Prooj : using C 3.46& b. sakua <)V
LT, 76°1= » JCk33)C kg +1) Tacf:
Lo gsm [C T T )t gms = ¢ 3m?| 5 JCIF5 (k2840 Taa )« 3 m>
J3"tm )13 ¥m 41) o' 3 ez | Tgf’, |, j,m>\U/
= 1 Gam) (9tm+n) (L7 | Te{,”/ o, 3, m1)
1)71’4"3)/kia+l) d" 3’ m’] Téfflx,j, m >
Compme with celebsch — Gordan  coefficient relation.
JC33m (a2m 41) ¢33 Dasmy malJidai g M}
= J0aam 0005, 2#m) (33 mFl M| B D2s T M)
133 mae) ( G0ty <0020 m, Man] I, 7 5 T m)
If ma}pin9 substitution to tensor ©péra toy matrix Yecursion rf(afl'm
V=] m=m 979, meme k20 G9m
The rec wision  relation is the Same!
The element < 20 J2im. m, 2)) 302 9IM>  <n  clebsch — Gordan Coetfrcient
Cowesponol <o
ot G| TEE Jet,3m >
{od 7 M’/ Ta(:}?) Ad G m> ={( universal })kopmtioné‘[izy constant
’inole/=>€n0[fnt of m.g, m’) Gk m 9-*'/j A'UIM)
v of theorem!
T7=28. The motrix element o4 o scalor operator

Exarn)a[@ l: Tengw of ran)r (o N o
do’3°ll Slla 3

§ati5‘][i€§
{x? jlm’/S\/O( 37"): g‘]j’ gmm/ T



ExamP(e 2. TLe

this  theorem states that (s‘pLen‘cq[ Com polents of vector operator V' con be upitten
. (ot I TVl 5m> asVy=y,,)
(A3 Ve, Gmy= T H2 505 71> 3 Tg [Im)

In which. we choose
Tw= F7 (T +<%) =5 %7 I-7
Froojf:
A am] Ty |, Imd> = ¢’ I TV — Tut Voy o Top Vo Jod, Gm)
St <ot gm | Vol hdm + om0t gm) Vo) d,gm

5 _
- 7 li-mGmu)  Cwigomn) Var [ @3, m)

from Wigner = Eckart theorem: .. o :
¢ "NV, ID

]Q 541

( 423 \/r;"/x,j,m) = <0 1sm,8) 0,10 m)-
9)>@C:'f/'ca(/y;
(LI VE . Gm> = <3lime] Toli G md ﬂrﬁ <o’ ] VTS

. o . . ) ] " .
(o(’,’J,)n"/ \/-(: ))o(,vlrw: <Ol m,-;} Qi 9,m-1) T25 4 <3l 1))t 5 s

d's D, )"IH/ \/ffa)/ d,F.m) = (j});m,/ljﬂi Iomt1) 7—2’3—“—' oo ' T VU,T >
(X gm| VL, Im= O <’ VD N DS
- Where. Csm s inde penclent o .oV V1!
* Furthermore . (5m  is indlependent of  wi becouse TV is a
scolov 0)>E’mf0Y-' > we ron white it as (!
74 spe cial example for this: V2T , of'—ol.
s Im] T2et, D m> = &5 <ot T)) 5>

For Wigner — Eckart  theorem OIDP{"E’OI to Vg and J2. we have

(" Iml Valu. 5 m> <X’ I Vil< 3
(3 m'| Ta) & Im> (o 3l Tlol3)
HoW@V@r' . . P .
<o/ FIV < 35 <« X’og.m|TVv]d,5,m)
_ < r oMVl
L& 31 Tlet 2> <23 .m| T2 «,5,m>
Then:

da' TVl Tom>
<A, Goml T, F,m5

¢’ Im!| Vgl gm) = ¢xd me|Ta | ok Gmd-
= ¢« Jm] TV]el.3,m
+2 D9 +1>

CeIam| Ta| I m>

Example 3 For vector. which is the rank spherical tensor. the spherical

Com/aoné’nts*Oj[ V can be written as Vo =+i.0 . we /zaue <“he selectron

., Yy
rule AMmaEm'-m 4.0  aj=73’—3= ) 5



Density opevator ond  Pure wversus mixeol ensenmbles.

with relative o pu lation

Contains membey
with velative FoPulatfon

o mixed ensemple

—— Mixed ensemble :
some other fraction

iS Cchavacterizeol by Lo,

W
wa chavactevized by la®y ..,
Normalice ;

> W< = |
EnsemHe average of OPeratOY: ( overage per constituent)
TAl= 5 W= <dD)Aa e
- 2Z Welalas)?al

Definet Dengn’ty o)aera—tor\‘

P: 4:; W< /o("'-'>><°((t')l (blr)Plb,>: ; We (bu’O((-i)>(0<[i))b>

=

| st ptoperty :
CAl= 55 <BPHDCE) ALY

tr(PAY & the trace is inolependen_t with vepyegenta-tion(

i

- 2 st: Hermitian property:
Pf:_ %‘ Wi#’o((-:':){o({i:) — é;“/-;: '0(({))<0<(b,

* 35t npmalisation:
tr(f) = Z T Wi BN

=L We A8 =

den Sity o perator |

free voriable in
and P IS 2x2 mOtrix.

Ej using condition tr(P)z) and P1=P.

Foy exomple ¢ For 4= ¢ystem,
_Jac
f= [— C*bJ ia.b are real numbers./a+b=1] : = There are onl_l! 3 ino(ependen-t real
Parameter.

We can show that P con be determined byt L[ Sx] [Sy) [Sz].

pure ensembles in many different ways.

A mixed ensemble can be decom poseol  to
Puvre state
Pz Ly = <dem potent PQ:P
PlP-1D=0

tr(P)=tv(P)=]|
when ensemble s pure.

the dé’”?l“ty OF@rator for a pure

]Cor mixeol ensemble ' tr{P>)<].

oty (P i maximal
ensemble aqre zevo 6r one .

- The e igen vaolues of

QuFPOS‘e N Plted = 2 We ld'™> < o

EVvLu'l‘l‘on‘\ | £ —— )d‘i), tostD



k2 = 2; (,Ui{ Hlot®, 4,5t {405t - ld“",t,,;ﬂ(o(“’,f,--t/H)

-LH., Pl

Gé’nera—h‘on:
[A)= fd?X'f(_‘/?x“ X PIx> <l Al x>

X W 1Y | xS

T e lxy) E)

Conti num

Gy

{0 Pl x

mertrix ][ov Cmnza[efe[y vyanolom ensemble:

Dengitj
pe ) P=Z % Ik <kl
define:
§= - tr(PlnP) U 1f we use basis that P is d=zagonal.
(== 5 PVOALE)
O—) ., 6 /s positive.-

be tween
& ComPle‘teLy ranolbom

& Pure state.

d<ag>
RPecous Pc’zkag is aveal number
N
6: - Z_'\'fj‘(T'):'/g‘N

k=

6 =0
En-{:rop\j in guantum Mechanics :
5‘:}?5

moximize 6 gubject to constraint average of hami-etonian has

Noture tends to
Certain Value.
Pz T ey | R><kI
6= -5 BLTAL AT

can Le S‘imultaneously o(io.gonalfzeol_

s toble condition
-[PHl& P and |H

2t 0 =
S§=0
CHI= t(eH)I=U
Wk = Pk
SH= S{$euEr)= O
Sterp)= X §fu=0
uner constrain)

C Finol max 6

§$6 = (5 lub ()= 0
b
4 Lagrange E EED

%’5(”“[[/1-&/’“-)-;-{952—.‘0(];0
b = €xp (-p Ep -w)

nermolise; |
bk = exp (- BER)
N
E’ EKF (—pEJ)

-7
C—"B
=

Function \
Py p

Fmtition
N
zZ= 2

exF(-BEY  Z=4(p



N
el S [ £ <Ad>pexp(-BEw)
> €xp(-LER)

(]
*
u
f
N
[

[ = Exexpl-BEk>)

I _ ke - =
LH) = ForeEn - 5A(*Z)

/
B related to tem perature /9:/??

B
H:—WiCSB: wS’z w:”’f@}—’é
(E+=—E—w
-:f:ih-w e-ﬁ*—;"- o
= P ( o e‘gxf) _ -Btw
- o
[$:1:1Sy)=0  [Sel=-%. canh(£EY).

paramagnetic  susceptibility x. (NE z35 1t =)
I XB

BYiuiOun'g Formula §

|elk BHwW
X = ame o8t 2 )



C/mpter ¢4 Symmetry =n Quantum Mechagnics.

“| Symmetry, conservation Laws and D@ﬁeneracfes
Ll Symmetries in Classreal Physics

ijL s unchonﬁeo{ under du'S‘P[a(.?ment G 3<7162x

oL of 2L oL _ o I
251 70 D F/35;) ~85:.°02 S0

) 2, » -
Litewise . '%—ffzb W henever 23z =0

&4/, 2 S‘jmmé’ff‘j in G uantum mec}lam‘cs.

Definition 0_7[ §jmm€try operator.

In Quantum Mechanics. we associate o operator. say J wxth aa operator  Lite
or L, T¢ has become Custo mary o all I o
- €
S = |- &

where G is +the |Hermition generator of the Symmetry operator!

SuPPose H is invariaat under S . we hove :

FTH F=H
equivalent to:
LH.G, J=0 LH, £1-0
Fy virtue of H@iS‘enberﬁ eguation of Mo tipn.
da
€ TO

HE"(‘P G s a (onstant og[ the motion!
For n'nstanﬁ!{ -Tf H s invavignt ungder Hanrlar"oﬂ) -the momentum ¢ Q oepnstanT 0_7[ the mo ¢io n.

IJ£ K is ilavarigat under rotation , the angular momentum s Q Constent 07[ motion .

tme o yolution Operator’

Ijr G commutes with H. then & Commuteswith . Suppose ot t. the system i in an
eij@”kef 0][ G . Then the ket at Later time is also an e<genket of @  with spme

@‘1'99'1 value 97/

G Vittr 195 = Uct.ted 6 195 = 9 Uct.ty 197
4.3 Deﬁen(-’mm'es
Renson of degenercy.
Suppose
L H S£1=0
For some symmetric operator . and In> g on e<genket with E<genvolue En. Then Fln> is

alS‘o an energj e-c'9en)aet with same  Energy, becau:e
H{ L) = PH > = E/7Pim>)

FIn> omd 0> are two states with some energy (they are degenerate)

Specific example of ole genercy (eads by rototion.

Suppose Ham-(tonian s Votationa”j invariant . so
C @(R) H J :—O U’LI'L‘I\ neceﬁari(y ,‘/nf[i@p f/mt

CTHI=p. CT? )—IJ:[;_



We can +then fo)rm simu(taneous ez'gen/eefs of H.T* anol Tz denoted bf/ .5, m>
QIR )n;gmy = MZ, Jn.5 mS @,(,,ij,; (k)
The degenercy hmg ic 2:5+I’7r°[0’./

As an example ., Consider aon otomic electron whose

Becouse v ond

Ore both rotationally invariont, we expect on 2T+1D — fa[o( dejenerary
for each atomic [evel! 7 FZFE

"adoition of ongular momentum” B 1T 1E D

potential is written gs Very + Voo Lo &

1,4 SO(4) Symwetry in the Coulomb Potential

Runge = lenz  vector . for —  potential, define Runge— L enz vector
M . PXL Z @2 %
i

Ffrg’cly, We wan+t to construct & [Hermi+tion operator .
operators A ond B.

Noticed. for [—/mw‘ﬁan Vector

(AxB)T= - BxA
Thetefore. the Hermitian version of Lenz vec tor
M = o (Pl — Lxp)- Z5x
Tt can be <shown +hg+ M commutes with -the Ham~Lton ian
H = DJFMQ - _Z’PQ G How to determin the commutation
M HJ=0

relotion of = with others.
O they u;eful relations  can }7@ Proven!
LM=0= p.L
M= 2 He 1>+ 4% ¢ 27"
Ovne con show that
[ M, Lad= <=4 €5k My
C M<. Ms]= - ) —;,,,Q' H Lk
[ L. L3d = =4 €23 Le
The

oigebra is not closeol due to +he exist of H. 1. this cose.

we (onsider the exgenstates of H. Then we con re place H with E ( E<o)
Replace M with the scaled vector operator
N -g )

Closed alﬁe/am

[Lls, L3530 =<% €=k Li

[N=,ka3= 4% S5k NA

L Nw- N3J = <4 €49k L

v What is rotation t +think rotation as

an operation which mixes two orthogonal axes. the

number of qenerators for rotations in n

. z n! nen-1» .
9[7&'“0[ 0(1'mens-zons Shou[c/ [De Cy, =21/m-2y1~ = Jfouv—o/-imens'um[

rotations rteguire six 3enerators.



v §ee ﬂmt this alﬁe/om is the a/D/om}:rfa'f@ a(9ebra jCOY - ol<mensional rotation

~
denote (X1, Ay, 7%3> and CP, Pa. 3. generators Lz = Lig = 22~ 2, P, L,:7,>
N -
l.?_: Lz . lf we —<hvent a néew s;:a-tia( climension X4 amo/ Its conjugate momentum /74,
olefine

Lip = =P - Aefi =N,
Loy = Xa Py -7Mefy= Mo
Eﬂ = Xz Py — Ae=N3
These operators obey the alﬁe/#a.’ for example .
CN,, Lad= X P = %afr, o3P, = 7 2]
= P CX(PI X3+ X4 T p, > 2 Pz
=2 RSPy - Xe ) =24 N3
Define operatoy
I=( L +N) /2
Kz (L-n/2
these cpeators satisfies algebra
[I<, T30 =%+ E€<op Lk
LK<.K37 ==+ 5k Fp
[T=.k5]=0
1t is evident +that L£I.H2=0 r k.HI=0. These operators satisties angqular momentym

A’(.90Lva$‘.' we oenote the eigenVa(ues of I* and k* by < (<t F> anol kCh1) BT

with <, k=0, =+ &, -
Noticed LM=M-L=0

I~ k* = 'n=0
we  must have <=k . on the other hand.
TRk = F PN = - 5EM?)
with [t2%) & p> = 2 HOLT 4 47) +zz,5>‘f,ﬁ
to the numetical relation
k(b)) F2m - w2l 0t ©

So Lving E. we fl'nd

mziof 1
E= = 3= (2k)*?

The oleﬁree of o/egenercg, n fact, s (2¢+)(2kt1) =c2 k+1)*=n%* )

Carry Q [:‘ttle furfher to show how oneé forwml(y corries out rotations |n n s,D/)atia( d,-meng,-ons_ SOy

Also. we have seen that the a[g@bm f@r SO4) can be also thought of
as two <“Zndependen-t groups SU(2). +hat |s SU(2)xSU(2>

nxn Drthoﬁona[ mao tri X }? POVOYHG ternze Qs

For group Of



nin-0/2

2
R exp(< .z ¢°=2)
where TS qre Pure[y imaginary., anti-symmetric matrices. (z¥)T= %

This anti-»gj mme tric yelation enswes /? is mthogom(./

* are also Hermitian

The over-all :F&[tov of < implies  that the ‘imagmary matrices T
T toe okuiously related to -the generators‘ of ro ¢tgtion O/Dé’rator.’
com pare the action 3 anod actien P with -the rotation carried out in reverse
o rder. then
(11 <l 1+=¢" )= (1+=4%2%)( |+ < are?)
= — ¢z %]
= 1= [I+= 4”"/’9?:{\? ')
The Lost Line recogon'ze the result must be a second— order rvotation

P%
obout +uwo gxes with some linear cCombinition of genefafors/ £ v qre

called stucture constant ]EOV Group  rotations.
r3
[ZP/(%J :f%—fy Z_V



(f 2 Discrete §ymmefr;'e§_ Pav{fy, 5}7009 Inversion

by applying unitary operator 7 know as

Parity
Given a ctate 145, we consider o space — znyer ted state. obtained
Parfty operatoy.
|dp —= nja)
Pegu:‘re the expectation value of * with respect to
(ﬁ very 9000/ reguirement!)

space - inverted < tate to be opposite sign

Lol 1tymlay = - <<x]oy

accomplisheo if

wlxm=-%
Xn=-mx (Have wuged the fact that 7 is unitary?
which means 7# and % are anti-commute!
v J:ok eiﬁen_}ee-t of Pos‘f‘t'fon operator. |t ‘l‘mnsforms‘ as
Iy = % |-
PYOO?L : XAalXS = - Xlx> = —7 X'|x'> = (-x) w2
|5 = @ % -x>
It is customary to tape e*5:). —= w*|A's= x>
v M 1S not only " unitory. but olso Hermitian!
Tr= s win=
o7 = 2o
- Can O“[f{ be [ or -1 72k =5 x> = |o¢> =D 2= =)

n-l=7t=n

v Fov momentum |
Transletion followed by pavity is eguivalent to parity Sfollowed by tramslation in

the opposite clirection!
T Jlox) = Vr-aw)m,

nl - ifedy )= C14iLedx)n
xlpn = -p

]lﬁ'r} -0 or

v For ongular mom entum J.

*  Orbital angqular momentum .
C7x Li=zo
because L=x~p , and both X and P ore odd under Farity.

. For angulor momentum J:

yeconsider the or thogonal §MP,>o§el /?”Mtyé /-"’-;) 8§lo€:ri;‘o(9>

we hove the property:

R/Pa”w /e/rbfat‘"t’"’__ R/rawtl‘w) R(Pﬂ""‘v)
Quantum  mechanically, it is poturel <o thie relation for unitary eoperators.
7T WIR) = DIR) .
where DRIz - TR 5
wtrn=7T fuge{'hek with £, Llz0 = rx S3=0.

[ n.J1=0



Under rotations. X onyd T tronsform in the woy. ‘Haey are bot), vectorS‘/rP};enZ‘a(

tensors,
Under parity. is) . Tis J}
coll e vectors colled vectors/  pseudovectors
¢42.]
Wave ﬁmcthn under Farity
considev “f to be wave fu»vct"on of particle whose State bet is lot>,
‘Fox) = <xt) o
Wave funct(on for  space- inverted state
XA p=¢- x| x> = Fe-x7)
" Eigen ket of parity.
Hoving ceen that  the etgenvalue of parity mus+t be ti.
f 7lot> = 1t oy
x|y = L-xledy = 2 o] ol)
d
) oven parity
Fi-x) = £ texn |4y oarity.
v Example —  Eigenket of orbital oogular momentum . Becouse L ond 7T commute. (it is ex}n"cfeo/
to be /parffj et’gen/?ft>
Ve, Adm) = Ry YT/ &)
A —-x’ by
P =7
Q- -0 [ Cos@ = —C056)
1?9 . /@—C’msb—)(-l)m-e{m?’)
Y20 = -1 JEEDEE P s, o
For positive m:
meL AL-|m]
) ml -0 cerim) o 24,
Pliicoo) = 2o Lm0 0 [Team) 5076
Yi(r-6.¢¢1) = -t rho.)
conclude that
77l Am > = (—/)’(10(4 m>
_ ) I
Easier woy o work with m=0. note that Lz [4m=0) (1= 0..24) hove the some
pority  because 7w and (L:)" commute!
Theorem Figen/eef of Homdtonian H. which coemmutes with /—/am:ltm/;,,,
CH.ml=zo '

consider stote o>,

then [n> s also
|>= = (+7)n>

Tld> = L wfjexdia>= H(MEDI>= 5 L (1 £ TIn> = 19

(> 1S an eigenstafe of 7



Hid) = = (l£n> Hin> cF24¢ 127 In>

H s nn-degenerate = 1N ond lo> must be the same to within a

In2 mys t be

Eecouse
multi plicative Constant . =

ldy=0 if we choose the “wromg” Sign!
10> s even Parrtj becanse its wave /M £in

) Tln>= 1 |n> .

For Simple Harmonic oscillator!

bein3 Goaussign !
li>=nt)o

{/’Lﬁs};fﬁf}’)”O cat is linear ia x. P

is odd parity . becouse
JEDY n th excited State. Parity is given by c-1)"

BF L)
otential ;5 C the e XGClt selytion need to be d:'SCusSe?O/---)

Symmetrical Dou ble - Well

Qjmmefﬂ'c state 15D Anti-symmetric state juy

n These ate the +wo lowest Lymﬁ states! Calculption shows Ex > Es

We can form
}/?):‘Jf;—'[/§>+)74—>) Q
b concentrate in the /?Ight

Concentrate in the lLeft

I Ly =7¢ |s> - JA>)

J2

Th ey Sa-tis][j ( they are not parity evgenstates )

IR =)L >
TL>= IR>
The evolution of |IR> stote
I —<Est/% —< Ept/?#
,thl}:o;t>::’_:2——/€ : /5>T e LA /A’>)
1 T EstA < CEs-Eart/k
= = € [1s>+ e 1A > )

The system has oscillation with ongular momentum

W = fl—:A'—ES_l

42.3
Parity - Selection PRule .

Jo¢> anol ) B> are pority eigenstates

Suppose
TIX > = &)t >
w}\ere gcx,f:/s are Par:’fj e-:'ﬁenva(ues/il)

mn /{9> = £p8>
opposite parity)

we con <how +hae( parity — odd operator X connects  states of
BlXds =0 unless Ex=-Eg.

<Blalm x T K> = s.8p <Bl TAN vy = — £ <Blx|d)

")[ e and I« have the some Fmifj!

Proof Pl x)x> =
[ ¥ ta dz =0



v 3. Lattice Translation as a [iscrete §yWM€frj

This part is mainly focus on the periodic Pot@ntial Well !
a4

T Finite Potential well

UUUF T,. inite /:D-tem‘:a[ well!

For transla tion operator 7).
THY) nT4) = xe 4 /) 1% = |5+ A5
V.
) Vi Tta)y = Vix+o) = Vix)

Thus. the TIntire Hamiltonian satisfies
CH.ziml=0.
[© For yafinite Fot?ntm[ well ¢

UHUU

Consioer solution  |n> wmeans single )Dartl'é‘al solution!
Hin>= E 1> ¢— T}ce are deﬁenemte States.

T(a)ln> = nt1>

VUe wan t o 7[l‘no( ez'gﬁnS"tO't@ 07[ H ond (o s‘fmul-taneougly_’

1o <
jos = = "% ny
Nn:-y
IR <cnt )
T(R))py = z e gt/a)}rw - X é ¢ ”Q-é’ In+:15
=5 %965

16> is a simultoneons egenstate ay[ H& )

o

2 Fov fl'ni‘é@ barrier

1> has some leakage possible <into netghboring Lattice! (SAtlnd=8an:
n Flin> = E

To ‘H’Ie GX‘tenO( ’thaf In> 0)’)0{ In'> aré Or{-hgﬁona[ U.)/?En y)#n L we Dbta—(-n
H |n> = Elns~Aln+1>—4)n-1>
Wont to use Ssymme try of - under Tw@ to ffno{ E,,e,,ﬁ eigen ﬁmction;
to <n @
1> = 5 e )n>
Hie>= H Z@ineln> = E.Zein@/n>—A2 eine)nﬁ) CAS €0
- E, Z@in9/ﬂ> —A z/f,"—"g_ig - e-—in@r—;‘@)}n)

= /E—‘, - 2 8C0H) Zé’—mala?>

=(E - 0a Cosp) ]8>

Noticing that



/o _
B[DCh S Theo fem  States. we QSsume
-;'/Q'X’

(7('/?/0) l9>: (X’/Q/@> )__,J_Q (’T//Q>: o Up (x>
-0
<A T ] 9> ze< x| @> / /e:g_

where U=y is q periodic fwc tion with period Q!
s xmqy = 070 o My x



%4 The Time- Reversal Discrete Symmetty.

Inspirgtion fiom Schrodinger Fguotion
h BF = (- ae WY

—ih 2 - - B0 vyt
means G n— 1) sotis fies velation: =% STt t) = (- 22t V)P, — oy x4,
s another solution to schrodinger wave function !

A’r’)ti’uni'tayj opera tor ©

For states 1x>.)B> ., a][fev transfor mation
This tionsformgtion is celled anti-unitaory i

<= | B> = <B o> &

JE>=olds> | Frz0)p>

OlCiIx> +Ca/ps5) = C¥Oies> + C2XB)p> —— This relation olone defines

opera toyr !

Anti Linecr operator Com be written as O=UkK . U is unitary, k is cDm)o/ex conjugate

K operator property
kKclos = c¥k jw>
Vla> = k2 ladcarlds = 5 <aldy¥|a =z {oar> 10 >.

The effpct 07[ K Changes with basis! #s o result, the ]Dorm of U also o/e/oeno/s

re ,3 resentation.

™

on Far ticular
if ©= Uk satisfies reguivement for O

Thew we check
B/C/O(> +Ca 18>) = UK’/(\:l o+ 81B2) = OF ()l + (‘g_*U/(/ﬂ) = C¥ows +Co* o8>

8> — @ o=k las = 3 calos ¥ )an
By —> En ca"lBy¥|a%s
B =z w@ipsala <A)aY
= % 20 sl B>
= Bl 3*

Define Time - Reversol operator @
[ oS — A lol >

= @//~ 'c"i;"-L(—Sf)))db

Qf tet time- reversel

We hgve
> HO=OH

- <iH® =@ H

Fundamenm[ PYUPf'ij of Ham-=lton an ur)der —L-,-m@——reVersa[.



An Important identity
el xja>= <&@ xt@] 4>
where X is a linear operator
proof ¢ 17> = x118
[1) 25 X = <)
(BIX|O)Y = <7v]ay = <& F)
=va| extey=<Ilexe"®|s>
=<4 |OrT e |8
For Hermitian observables A. we get.
(Bl Ais = <210 A7 A
Define are or under Time-reversal occovding to whether we hove
oy 5‘1'3»‘1 n
OAO" =1 A
which leads +o
BIAIL = <X |2A1E) = = <& | AIF)
= 1 G1A 1A
1 18>= 1>

dtlAlots> = + o X ] AT D

Observebles under  Time = R eversal
p
we expect fxpectation of P behove
(o] Ploy = — < &IP)d )
So we +take
OFP®' = - P
Im p[fes
OFP| P>=-OF)F>=c-pPooOIP>

It ic agree with assertion @®IP> is momentum eigen}?et with eig en va/ue-’F'-/b{Sua/& @//").—/.}of)

Re guire
o [x]d >z <&Ix] &
OxO'= X
(DIx>= 14> up e a phase cusually=1)
Check the commutation relation. € x-. Poalb=<% s<3. [0
%Pply @ +to both sides

O 1O '®l) = O <t5<5))

ill satisties the requirement!
[X<.—31@D) =2 —<+48=0@®)> —> [xX<.P31=z 258y st ’~7(" 9



§im¢laylj, to preserve
L T=. T51= <+ Seap

do use ®@Ilm>= |-m> 11!

Re Guire
O

=® <k E=b Tk )
- 2% Ecqp BT B'®))

Check:
OrLT=.T;107'®))

[ J=.753 @’)

'

T4 Eegp b @

Wave function ond Time- Pe versal
after Time — Pe versal .

Weve fun(‘-tion o} Spinless }Wticle C‘hange to its
Froof :
Joy = fo(?X’ [%7> <[>

@l o> = fd?x'@lxv <] o>
= Ja*xt <x ¥ @xy = fd’)r’/)r» < x7joyt

\f'/)(’) - \/’7‘:«).
For instance:
Y — Y 0"V o)

Oltm> — (- [L=m>

WGVG ]EW)CinH for Sf/'n/é’S'/ Payfi('/e In momentum 6’"9@»’)}?6753‘
@lots= [dt @ rs<rlw>= JoSp = psepot = ST 1Py <= Plas®

*
bP) — Pl-p
una’ev Time ~ P@yersa[ .and é’nelﬁj @iﬁenket In> s

If Homil tonion is
Then the Correspond;'n3 ener gy egenfunct:"on is

Proofl
H®In> = ®HIn, = B ®In>
GV’O/ ®In> l’zave the some €ner9y!

sp I
tecall  Weve function For @105 ae ) .
then -

up to a phose 7[0(tor inde penden t o x

Lf*IX) = tUx
<>(// n) = ()(//” )* /
Spin and Time — Reversal .
_—5'5\20(/#

= e
_=<Szx/ % e—‘isjﬂ/#@/_/_) ) )
L becoyre @/9"7): —@/ﬁ‘-n /

A+
& [n:tD e
_ hla.—>
_ _ L¢r, B
}?L)’) _ @-t§zd/# e—zfy/ﬁfﬁ)/i‘ /+> XA(%’L\» Y

- <S¢ B/%
1 )
172 l [?PC’GUS‘P@/—‘C'E‘Z)@’/: < (AS26) /:‘l.&

)



Let ®= (;{(T_,gzo(/# e_t'S}, B/H UK o5 = é'é’igzo{/#" é.-c' S‘g/,é’%rl)/# Jrs
Using +he relation K 1+> =]+>
U = e—i%ﬁ/#-& (<7
B - 7Tk &+ 5
= - 22y
Noticed
TS
e T s <y
@/(} J+>t - 1-5)= LG ¥ -5 _) CXi+>
O Cy 14> +1->) = =G )+ > = 41°C-]=
= =/ Cril+> + C/—>)
@ =
Proo
H - y @,—5175/#_/( "
Joo> expancled in tewms of 13.m> base /ée—iij_j P

@/@ > 1am><g.m o(>) & 1= . /jM)(jm}o{))
:M/l-@ 27'7‘/3/—}1—:/9»”:) (Om/p()
~ Qiﬁ'jy/‘k} 25 )5 s

j”>: (-1 Qs s €V|o/€nt ]Z;om Onﬁu/ar

A" = -1)*7

mowentum ez'gensfa te MnO’@r

rotation by 27T.

@ L, mo> = (-1 L —m> 4, B 15, ms=25" 1~ m>

Some 3@n€rali9€

/:—xpecm'tioylg undpr Time - Reverse 0/96’*621“/‘0/1_
O T ®7= 748
TT®is Qssumed +o be even or odd under
56’[‘0“56 03[ W/gner— Eckay ¢ Theorem. it is Quffrc:‘f’nt o EXOm Y=o (omponat
<, 9w TNV et gmd =t < ot Goom] T, G, =

Dm0 9,0 > — (R

Time Reversal.

|, 3, - m>
£ e
For :® [ Recause “DV)?)T?’GDH? & ‘Os, (/e),”) ) <n’lel, g.-m) |
Dto.n.0) Tf“ap/o,n,o): = 4n | o 00 I
ck) ¥ C?) (3255
CDDD (o.7.0) — 99 58)_

(R T® L (670 components )

Y70 conm Povents give Vanig%inﬁ when standing N = T 0= & ro24as

between <o, 3.m and |« 5, m>



Result t ¢ o.m] T Jotam>= 201K <ol m| TH ) ot m>



i A 1AL 1%

(AExE S 1R %R A HomeLton<on: ﬁ:)—?o + R H Pr5ARBtE L. (v PEFEEL F 0 AIER).
U

—

(ﬁcp Ho 69 BPp ko, 4 v A% T AERVFIE1A Dl & EL % PP+ at, )7
g+ (| 2172 BIR7 S OTP TIPS
H lf)ﬁw Q’

0 FFFIE AR 2 ~ = |
§ 312 8 BB 3 AD
A N
E = EStaErt »En
SELEN Hamv;/é]tonwm%%ii
(Dot nfl) (Wirtie > = (Bt a EataE2 ) (F+ a b+ "
“J Schodunger AAE 1R R ANF op AFA 08 ix. 28 HAR

H, ¥ = E2 . — ()
Hw + D% = BEn t + Ea — /2
Ho b+ F' %= ESu+ Edol+ B9 — (%)
(D Hri2z2A=64
(2  AY -5 %= [E-Aow > 1R = T Gy
\u (-] 4
(H'— En)‘* = [):n" ﬁv)fm%
H W $0 be 345 QRIS = Ed<tmlt s
B (= EDM =<1 B- Bolk>=0 = 2};&[< WUE - < )
'Zj”/' r’ _%\m;‘n \9#‘“
Ee= < w | HIES Hon = Cn (EZ — Em)
(n) _ H,mn
m =7 Emn-Ea

2 S im=neh dF ()= & +dd 2t
ORE VR FST74E Pl O AU 2+ ATA.

C(n)

(D LR H I 4 <) A1 = Eo<o ey + Bl<gld > 4 J_:,f AN
@’ID:){ Um"tmj Matr-'xf

2 > ) oy ® —L 4 | o 2
TERLEY + 7 O <K I 4> = By S BN w4 s + B4
2 —
R CRIE LN

)



EERTIET AN

o 19) 2R BN 3 b % 2
ACIRER
(H 748t @¢t, ¢tk bati@t)

H - HV,[, PR [A:|’{’t7§ggﬁi+%;%>

Schrodingev A4tz BART A ¥n.w L EF.<RFE M

Ya=dht ot At
.2 Ent 2B +A En -
Sckyoc’ing@r‘)ﬁ%%:
[H o+ aH) (4 45 %)= (Eo+2En ) (H+2%)

NEN PRt AR S
H M > + HO > = EZ}%’H E. MY >

B wie B
<EAH oo + <UWTHT I = <l En [4!> + < W] Ed Ly >

%o 24, (RFag A% YE
ol
dy Hiy = diEE)

<M

Rl
d,

(- enl) =0

ABZBY, B det(H- EN =0 T{F E, BB (#14.
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M % BH4ER 3K e B| B4 i 43R F.

o 14 %63 Hon Mfon;*é 4
H=Hot Htr «— H1ERnuxt. 2 £ Fox B F B

. En
-T |

Ynix.t)z e LRV & Ho BY%F F Function
¥ - 2 0n (+) Fop (1) = 1BZi% B9 Homidton # {IARAZ AT

(Ao + B ) ZOm (£) 8y () = TH %E[Xgamlt) fm/x,f)J

%:M () + & Omtey ey bty =2 W Joinity + W)

R8T A T 0 % & 7 42 7 24, FX1E 19 42 4
3 Oier. OXP(2(Er- B ) /%) Hym = < 922
Hom= <% | H %>
FEBH = 21 020"+ 20" (L ZBFEAE R #2=D
%[&mzt) FAQD e + O 8y ) @ pfilbomt Y Hom = —c#gﬁr[an 20" + 2.

ENE O =6 (AT 4n=kot. T84 Bh1EDE) O ctr=07"Coo = Suk
WH

tH g2 00 0) = X 0 1er 0xp (2 Wamt) - Hom = €xp (FWak £)-H ok (+)

clf( D)z 5 expl A Wnk t) Hoh
£ tath Mk E£E T neANE
Wesn = )0"’1%)[2
Tn which: t
O’ cer = J;"t expli Wnpt)- Hp ko) olt

° Feormi go[deh mle

Hikte) 74 81 @ 2 AFACE B P4 B4R 3 K it 28T R 14443415 o Y BAZ 142
4:(;15571@ 72

i) = f{l'{

0Ll =

._T'u—)-ﬁ-{exP[iWn&t) = 1) - Hrk
Z ZCOS‘(U}nk't))

= f | Hwg]™ gin'(FWnk t)
BAiE BATER, N .
W= [ 108]™ P @i, = | dum [Hol™ it (£ ) Lony 5 gy,

= J_SD —;fc | Hag }l.sn'n”/:,éwnk +)
Wa

P dwﬂk
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= } %T-t, H’:hll 6/th)dek - Pn)

= F L HaMPk)
w= %= 2 W *P(R)

Tt & B+ <% 9 Fermz Golden rule

BVER LB 48 5k BB
AR Lk g8 £ 4% A = F(e™s 6™")
-tl /
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-t P

gcly Yod‘&/’lﬁ’@ Y/“S-;T'»_;T)_

UtYix) = ofigz Yoz A+ e
V&) + 7;? (E-V)¥=0

Eﬂ(¢v‘¢z¢ﬁj-+f<zAﬂ¢/ef¢

ok
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J
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ST SALE B B B A0 P
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U
e _ <. > c
A: I Fmy I Pex) Jt2m (E-Vim))*

() Y HE Ao (VI LD Fre B

i [Peo dx

c __ . -
Yo = TR c /)/)‘5: ,ng [ E=Vx)

For the Results Frevlouslg/,[%; T OLIF R T WkBid s>
( k(w:: [‘—"'CE V/x) E>V Ue ¢x) = exp[-eW,x,/-;-,)_- Wéxr/ii‘/xdx/k/xz/
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4. Vo sy E3t(c >0 #73 /zﬁffj)
b = 2o #}fmdx

AJ F/x)

ﬁjﬂ% ﬁ G/ot)z Wrpo s v = Y0 - ;

(—L; o TfP/X)dX: o

| A
2y /% oz
| = @ [ ¥ = j’L—)oM;j K /Qm/Ef\//x)) oA




Scattering Theory kAt IEiE.

(use Time - De pendent  Pertur ba tion Theory )

H= - o+ Vixo Ho = lf:: ¢ tands fov kinetic- energy operator.
Lp= 25 £

Fov Interaction Picture
o to st = Usce. 4o | toitsdr ld.tetdr = @xp (the t /5D )4 40 tds
<t 57 Usttt)= Vice> Uy ce, )
{ Vict) = exp(iHot=) Vects -exp(~THot /4>

one solution 7[ov Uz

) t
UI(ff‘t'o): |- = /‘\l‘-o ‘VI(t’)-U.z(-t:‘to)o(t’
Define
N t  <Womt!
nlUsce, 50502 Srs — % = <nlVim> Jo. - € M| Uzt t.51<> o ¢

n|io=38n=. H Wam = En - Em

x|k = —fz oK™ 1 k= Btne ny,02)

Scatter frovn past to qufure To™> "X, t=>+to0

A’SS‘umPtion N <m | Uz ¢+ > [-i) = $m=

‘ +  <Weet (69> TFF57 2 4 1B ;X %
) Up (+.t.0)> =80 - 5 Vn;-ﬁo' e ot EEXERTEY -
Define | Usce, o) |5= Sni - == _};)if—gt eiwﬁt’* S8 -
We wak +.m-@., €=20 i t~—~tw. Etecc g&:éz'_a) |
e to saes) S BTMFEEINGE

gcatteyms men fufure to Fost! E
— to
Ur ¢t.ts> = }+‘%‘/1€ Ve (e Uz ctoto>olt
. — — ‘fo —c-w 't/ .
N Us (¢ o)D)= Sn< T2 ’-Eﬁe <nl /Im> & e (m}Uz(t:fo)}'O el t

- — to 'C:wi't"'é\f, "
sefie elthogos Srcr £ T JE e QR

tote €20 tota [ELT,
‘A% AEPE 69 B
(6.1.2 Sakurai> Unet +E4
(n) U (t-a0) [<D = Sni + F Tai - — T FE ( From Previousd
<n) Ur(t-00y]2> = Snt — FZ Vom ﬁ; e ) Ur (¢~ |<>olt”
Insert First To second W Erst
ifUs Ctmm3 1i3= Sn< ~F £ Vom [ € " et Te —oe ) ot

‘t R w t’ _6 < [u/f)m fw'n-{)’t"f"‘fl
= : = : St = _ . R ’
Sni - F Vor o € ot - F I T e ot

S S T [ G ot
= Snv F 5w T S €

(WETYE I VETOL
_ = t _ilmttEt = T € iUt
= Sni — F Vot .[—oo E,'C i ot — T'?L > Vom —:Um—i-f-i&‘ o € oL



<Wn=zt + et

_ ] €
=  Snet THE It Ty ot E
I Tm=
Tne< = Vae T % & Vim ——wry:{‘r 3
_ — Thm<
_vn_i —/—%Vnm'Et._Em _,.—c'kg
D@inne VEC tor /lf’/“) / .US‘E t”]fS ofé’finitioi’) to derive LiPPmann’S\(‘thﬂgér E@' uation.
The = 2 <n| V]3>t Py = <alV]1s ( Sokrai .27
B Tm~
Tn< = Ve t & & Vim ——wry:{T i€
_ — Tmz
__.\/n.,_' —/—%\/nm'Ei_Em +<t % €
(m/V)V‘ﬁU}

nlYlpey = @nlV]iy + 2 &n[Wm> EomEn s ke

)

N = LN

oy = i+ Eromaae VP 4
Order - By — Order o pproximation Scheme ][0;/ ]
apply V' on the left of G — L Function
VIt® = V]t + v <ge VI P
Cause v <nlT[E>=<n| VIt = y+@s =7 >

T =V+ V Ei'—HD—,L—c' te '/

Solytion (Vis weak )

_ ! ! _
I = \/"" V' E< -Hot < %e VAV ELH, 1< ke V'me‘(/“f

Transition Rate and Cross section

_ o
W(<—=n)z g+ )<nluz Ct.—o0> )i>}l

. s FEE i ~Wh<T+£¢
4”}U1(t»-oo)]i)= - l-t,—"Tn—.' j:; 91 e 0/6': —_:Z_C-’/;,_,_- T Wne 7 & //-g)_;c /n>)
28¢
y . eQEt I B » 2€-€
Wl <=n) :a?/—:}f-fml wrrer) =3 Tl Tz v er
Noticed
T _ T — + /
o wredl s T S & [Tguadwsrn
[im ———3 = T s(w)
¢ =0 w-t g
2€¢
W(=<-=n)= ‘?IE“ /Thz‘/i- 2-e -5 Wn=)
7
= A Te)r S(E-E<) (for €0
Which is inole pendent of time, so time Limit t-too s trivial
Wanna <o integrate over the ][ina[ states ! ———— FIPRF H4t 4 B ¥ Final
k = —%_Lr/nx,”y,/’:?) AN = oS- ]/”Q'd/n[ State ?{2 4

nl= —= |
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Cca ttering AmPlitude Frr. k)

<X/Lr(t)> o f(k")")
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The Born Approximation
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